
Modelling MAS with Finite Analytic Stochastic Processes
Luke Dickens, Krysia Broda and Alessandra Russo1

Abstract. The Multi-Agent paradigm is becoming increasingly pop-
ular as a way of capturing complex control processes with stochastic
properties. Many existing modelling tools are not flexible enough
for these purposes, possibly because many of the modelling frame-
works available inherit their structure from single agent frameworks.
This paper proposes a new family of modelling frameworks called
FASP, which is based on state encapsulation and powerful enough
to capture multi-agent domains. It identifies how the FASP is more
flexible, and describes systems more naturally than other approaches,
demonstrating this with a number of robot football (soccer) formula-
tions. This is important because more natural descriptions give more
control when designing the tasks, against which a group of agents’
collective behaviour is evaluated and regulated.

1 Introduction

Modelling stochastic processes is a time consuming and complicated
task that involves many issues of concern. Among these, some that
may appear high on most modellers’ list are highlighted below. What
type of language to use for building the model is often among the first
decisions to make. Models are often finite state but they represent
real-life continuous domains, so approximations are needed. A com-
mon problem is deciding what approximations to make: it is often
difficult to determine how drastically a model will suffer in terms of
results from making choice A rather than choice B; moreover if the
language is restrictive or arcane it can hamper further. Furthermore,
the modeller may wish to relate small problems to more complex
tasks, especially if they want to partially solve or learn solutions on
the simpler systems, and then import them to larger and more com-
plicated ones2. A related issue is one of tuning — a system may have
some parameters which are hard to anticipate; instead experimenta-
tion and incremental changes might be needed, so a language which
supports natural representations with tunable features is desirable.
Additionally, it is preferable to have as many analytic and learning
tools available as is realistically possible. This means that the mod-
elling framework should either support these directly or allow models
to be transformed into frameworks which support them. Finally, sin-
gle agent control paradigms may not be sufficient, nor may single real
valued measures for evaluation; the modern experimenter may want
more flexibility; potentially using multiple non-cooperative, isolated,
agents each with a number of orthogonal constraints.

This paper highlights some of the issues above, and aims to ad-
dress them by proposing a family of modelling frameworks known as
Finite Analytic Stochastic Processes (FASP). We will demonstrate:
how the multi-agent scenarios alluded to above can be described
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within this family; the naturally descriptive nature of the representa-
tions thus produced; and which real world applications might benefit.
We highlight some of the features of this family by examining an of-
ten visited problem domain in the literature, that of robot soccer3. To
do this, we introduce a relatively simple problem domain first devel-
oped by Littman [16]. We will show how this can be rewritten in the
FASP framework in a number of ways, with each one giving more
flexibility to re-tune in order to examine certain implicit choices of
Littman. Then we will examine some other more recent robot soccer
models from the related literature, which extend and add more in-
terest to Littman’s original formulation. We will show that these can
also be represented by the FASP family, and will show how our more
flexible framework can be exploited here. Ultimately, we generate a
tunable turn-based non-cooperative solution, which can be scaled up
to finer granularity of pitch size and a greater number of players with
simultaneous team and independent objectives.

We finish with a discussion of the added value provided by the
FASP languages, who might benefit from them, and some of the new
challenges this presents to the reinforcement learning community
(amongst others). The guiding principle here is that richer domains
and evaluation – provided by better modelling tools, allows us to reg-
ulate agent and group behaviour in more subtle ways. It is expected
that advanced learning techniques will be required to develop strate-
gies concordant with these more sophisticated demands. This paper
is a stepping stone on that longer journey.

2 Preliminaries
This section introduces the concept of Stochastic Map and Function,
and uses them to construct a modelling framework for stochastic
processes. Initially, we formalise a way of probabilistically mapping
from one finite set to another.

Definition 1 (Stochastic Map) A stochastic map m, from finite in-
dependent set X to finite dependent set Y , maps all elements in X
probabilistically to elements in Y , i.e. m : X Ñ PDpY q, where
PDpY q is the set of all probability distributions over Y . The set
of all such maps is ΣpX Ñ Y q; notationally the undecided prob-
abilistic outcome of m given x is mpxq and the following shorthand
is defined Pr pmpxq � yq � mpy|xq. Two such maps, m1,m2 P
ΣpX Ñ Y q, identical for each such conditional probability, i.e.
p@x, yq pm1py|xq� m2py|xqq, are said to be equal, i.e. m1� m2.

The stochastic map is a generalisation of the functional map, see
[8]. Another method for generating outcomes probabilistically is the
stochastic function, and relies on the concept of probability density
function (PDF). For readers unfamiliar with the PDF, a good defini-
tion can be found in [19].

3 Or as we like to call it outside the US and Australia, robot football



Definition 2 (Stochastic Function) A stochastic function f from fi-
nite independent set X to the set of real numbers R, maps all el-
ements in X probabilistically to the real numbers, i.e. f : X Ñ
PDFpRq. The set of all such functions is ΦpX Ñ Rq; notationally
fpxq � Fx, where Fxpyq is the PDFpRqq associated with x and
belonging to f ; fpxq is also used to represent the undecided prob-
abilistic outcome of Fx — it should be clear from the context which
meaning is intended; the probability that this outcome lies between
two bounds α1, α2 P R, α1   α2, is denoted by rfpxqsα2

α1
. Two

functions, f, g P ΦpXÑRq, identical for every PDF mapping, i.e.
p@x, α1, α2qprfpxqs

α2
α1
�rgpxqsα2

α1
q, are said to be equal, i.e. f �g;

if the two functions are inversely equal for each PDF mapping, i.e.
p@x, α1, α2qprfpxqs

α2
α1

� rgpxqs�α1
�α2

q, then the stochastic functions
are said to be inversely equal, i.e. f��g.

Armed with these two stochastic generators, we can formalise the
Finite Analytic Stochastic Process (FASP), an agent oriented mod-
elling framework.

Definition 3 (FASP) A FASP is defined by the tuple
pS,A,O, t, ω, F, i,Πq, where the parameters are as follows;
S is the finite state space; A is the finite action space; O is
the finite observation space; t P ΣpS � A Ñ Sq is the tran-
sition function that defines the actions’ effects on the system;
ω P ΣpSÑOq is the observation function that generates observa-
tions; F � tf1, f2, . . . , fNu is the set of measure functions, where
for each i, f i P ΦpSÑRq generates a real valued measure signal,
f in, at each time-step, n; i P ΣpHÑSq is the initialisation function
that defines the initial system state; and Π is the set of all control
policies available.

Broadly similar to MDP style constructions, it can be used to build
models representing agent interactions with some environmental sys-
tem, in discrete time-steps. The FASP allows an observation func-
tion, which probabilistically generates an observation in each state,
and multiple measure signals — analogous to the MDP’s reward sig-
nal, which generate a measure signal at each state. One important
feature of the FASP is that it generates observations and measures
from state information alone. There is no in-built interpretation of
the measure functions, their meaning and any preferred constraints
on their output are left to be imposed by the modeller.

Care needs to be taken when interpreting the measure signals, and
setting the desired output. These can be considered separate reward
functions for separate agents - see section Section 3, or conflicting
constraints on the same agent. A FASP does not have a natively im-
plied solution (or even set of solutions): there can be multiple poli-
cies that satisfy an experimenters constraints; or there may be none
— this is a by-product of the FASP’s flexibility.

Fortunately, small problems (those that are analytically soluble)
can be solved in two steps, first by finding the policy dependent state
occupancy probabilities, and then solving the expected output from
the measure functions. This means that measure function interpreta-
tion can be imposed late and/or different possibilities can be explored
without having to resolve the state probabilities again, [8].

If we confine ourselves to a purely reactive policy space, i.e. where
action choices are based solely on the most recent observation, hence
Π � ΣpOÑAq, and a policy, π P Π is fixed, then the dynamics of
this system resolves into a set of state to state transition probabilities,
called the Full State Transition Function.

Definition 4 (FASP Full State Transition Function) The FASP
M � pS,A,O, t, ω, F, i,Πq, with Π � ΣpO Ñ Aq,has full state

transition (FST) function τM : Π Ñ ΣpS Ñ Sq, where for π P Π,
τM pπq � τπM (written τπ when M is clear), and, @s, s1 P S,

τπM ps
1|sq �

¸
oPO

¸
aPA

ωpo|sqπpa|oqtps1|s, aq

It is the FST function that concisely defines the policy depen-
dent stochastic dynamics of the system, each fixed policy identify-
ing a Markov Chain, and together giving a policy labelled family
of Markov Chains. A more detailed examination of FASPs (includ-
ing the Multi-Agent derivatives appearing later in this paper) can be
found in [8].

3 Multi-Agent Settings
This section shows how the FASP framework can be naturally ex-
tended to multi-agent settings. We distinguish two domains; models
with simultaneous joint observations and subsequent actions by syn-
chronised agents, and asynchronous agents forced to take turns, ob-
serving and acting on the environment. To model the first situation,
we define the action space as being a tuple of action spaces — each
part specific to one agent, similarly the observation space is a tuple of
agent observation spaces. At every time-step, the system generates a
joint observation, delivers the relevant parts to each agent, then com-
bines their subsequent action choices into a joint action which then
acts on the system. Any process described as a FASP constrained in
such a way is referred to as a Synchronous Multi-Agent (SMA)FASP.

Definition 5 (Synchronous Multi-Agent FASP) A Synchronous
multi-agent FASP (SMAFASP), is a FASP, with the set of enumerated
agents, G, and the added constraints that; the action space A, is
a Cartesian product of action subspaces, Ag , for each g P G, i.e.
A �

�
gPG

Ag; the observation space O, is a Cartesian product of
observation subspaces, Og , for each g P G, i.e. O �

�
gPG

Og;
and the policy space, Π, can be rewritten as a Cartesian product of
sub-policy spaces, Πg , one for each agent g, i.e. Π �

�
gPG

Πg ,
where Πg generates agent specific actions from Ag , using previous
such actions from Ag and observations from Og .

To see how a full policy space might be partitioned into agent spe-
cific sub-policy spaces, consider a FASP with purely reactive poli-
cies; any constrained policy π P Π p� ΣpOÑAqq, can be rewrit-
ten as a vector of sub-policies π � pπ1, π2, . . . , π|G|q, where for
each g P G, Πg � ΣpOg Ñ Agq. Given some vector observa-
tion oi P O, ~oi � po1i , o

2
i , . . . , o

|G|
i q, and vector action ~aj P A,

aj � pa1
j , a

2
j , . . . , a

|G|
j q, the following is true,

πp~aj |~oiq �
¹
gPG

πgpagj |o
g
i q

In all other respects ~oi and ~aj behave as an observation and an
action in a FASP. The FST function depends on the joint policy, oth-
erwise it is exactly as for the FASP. Note that the above example is
simply for illustrative purposes, definition 5 does not restrict itself to
purely reactive policies. Many POMDP style multi-agent examples
in the literature could be formulated as Synchronous Multi-Agent
FASPs (and hence as FASPs), such as those found in [6, 12, 13, 20],
although the formulation is more flexible, especially compared to
frameworks that only allow a single reward shared amongst agents,
as used in [20].



In real world scenarios with multiple rational decision makers, the
likelihood that each decision maker chooses actions in step with ev-
ery other, or even as often as every other, is small. Therefore it is nat-
ural to consider an extension to the FASP framework to allow each
agent to act independently, yielding an Asynchronous Multi-Agent
Finite Stochastic Process (AMAFASP). Here agents’ actions affect
the system as in the FASP, but any pair of action choices by two dif-
ferent agents are strictly non-simultaneous, each action is either be-
fore or after every other. This process description relies on the FASPs
state encapsulated nature, i.e. all state information is accessible to all
agents, via the state description.

Definition 6 (AMAFASP) An AMAFASP is the tuple
pS,G,A,O, t, ω, F, i, u,Πq, where the parameters are as fol-
lows; S is the state space; tGug1, g2, . . . , g|G| is the set of agents;
A �

�
gPG

Ag is the action set, a disjoint union of agent specific
action spaces; O �

�
gPG

Og is the observation set, a disjoint
union of agent specific observation spaces; t P ΣpS �A Ñ Sq
is the transition function and is the union function t �

�
gPG

tg ,
where for each agent g, the agent specific transition function
tg P ΣppS�AgqÑSq defines the effect of each agent’s actions on
the system state; ω P ΣpSÑOq is the observation function and is
the union function ω �

�
gPG

ωg , where ωg P ΣpSÑOgq is used
to generate an observation for agent g; tF uf1, f2, . . . , fN is the
set of measure functions; i P ΣpHÑSq is the initialisation function
as in the FASP; u P ΣpS Ñ Gq is the turn taking function; and
Π �

�
gPG

Πg is the combined policy space as in the SMAFASP.

A formal definition of the union map and union function used here,
can be found in [8], for simplicity these objects can be thought of as
a collection of independent stochastic maps or functions.

As with the FASP and SMAFASP, if we consider only reactive
policies, i.e. Πg � ΣpOg ÑAgq for each g, it is possible to deter-
mine the probability of any state-to-state transition as a function of
the joint policy, and hence write full state transition function.

Definition 7 (AMAFASP Full State Transition) An AMAFASP,
M , with Πg � ΣpOgÑAgq for each g, has associated with it a full
state transition function τM , given by,

τπM ps
1|sq �

¸
gPG

¸
ogPOg

¸
agPAg

upg|sqωgpog|sqπgpag|ogq tgps1|s, agq

To our knowledge, there are no similar frameworks which model
asynchronous agent actions within stochastic state dependent envi-
ronments. This may be because without state encapsulation it would
not be at all as straightforward. A discussion of the potential ben-
efits of turn-taking appears in Appendix A. From this point on, the
umbrella term FASP covers FASPs, SMAFASPs and AMAFASPs.

The multi-agent FASPs defined above allow for the full range of
cooperation or competition between agents, dependent on our inter-
pretation of the measure signals. This includes general-sum games,
as well as allowing hard and soft requirements to be combined sep-
arately for each agent, or applied to groups. Our paper focuses on
problems where each agent, g, is associated with a single measure
signal, fgn at each time-step n. Without further loss of generality,
these measure signals are treated as rewards, rgn � fgn , and each
agent g is assumed to prefer higher values for rgn over lower ones4.

4 It would be simple to consider cost signals rather than rewards by inverting
the signs

For readability we present the general-sum case first, and incremen-
tally simplify.

The general-sum scenario considers agents that are following un-
related agendas, and hence rewards are independently generated.

Definition 8 (General-Sum Scenario) A FASP is general-sum, if
for each agent g there is a measure function fg P ΦpSÑ Rq, and
at each time-step n with the system in state sn, g’s reward signal
rgn � fgn , where each fgn is an outcome of fgpsnq, for all g. An
agent’s measure function is sometimes also called its reward func-
tion, in this scenario.

Another popular scenario, especially when modelling competitive
games, is the zero-sum case, where the net reward across all agents
at each time-step is zero. Here, we generate a reward for all agents
and then subtract the average.

Definition 9 (Zero-Sum Scenario) A FASP is zero-sum, if for each
agent g there is a measure function fg P ΦpS Ñ Rq, and at each
time-step n with the system in state sn, g’s reward signal rgn � fgn �
f̄n, where each fgn is an outcome of fgpsnq and f̄n �

°
h
fhn
L
|G|.

With deterministic rewards, the zero-sum case can be achieved
with one less measure than there are agents, the final agent’s mea-
sure is determined by the constraint that rewards sum to 1 (see [4]).
For probabilistic measures with more than two agents, there are sub-
tle effects on the distribution of rewards, so to avoid this we generate
rewards independently.

If agents are grouped together, and within these groups always
rewarded identically, then the groups are referred to as teams, and
the scenario is called a team scenario.

Definition 10 (Team Scenario) A FASP is in a team scenario, if the
set of agents G is partitioned into some set of sets tGju, so G ��
j
Gj , and for each j, there is a team measure function f j . At some

time-step n in state sn, each j’s team reward rjn � f jn, where f jn is
an outcome of f jpsnq, and for all g P Gj , rgn � rjn.

The team scenario above is general-sum, but can be adapted
to a zero-sum team scenario in the obvious way. Other scenario’s
are possible, but we restrict ourselves to these. It might be worth
noting that the team scenario with one team (modelling fully co-
operative agents) and the two-team zero-sum scenario, are those
most often examined in the associated multi-agent literature, most
likely because they can be achieved with a single measure func-
tion and are thus relatively similar to the single agent POMDP, see
[1, 9, 10, 11, 15, 16, 18, 23, 24, 25].

4 Examples
This section introduces the soccer example originally proposed in
[16], and revisited in [2, 3, 5, 20, 24]. We illustrate both the trans-
parency of the modelling mechanisms and ultimately the descriptive
power this gives us in the context of problems which attempt to recre-
ate some properties of a real system. The example is first formulated
below as it appears in Littman’s paper [16], and then recreated in two
different ways.

Formulation 1 (Littman’s adversarial MDP soccer) An early
model of MDP style multi-agent learning and referred to as soccer,
the game is played on a 4 � 5 board of squares, with two agents
(one of whom is holding the ball) and is zero-sum, see Fig. 1. Each



Figure 1. The MDP adversarial soccer example from [16].

agent is located at some grid reference, and chooses to move in one
of the four cardinal points of the compass (N, S, E and W) or the
H(old) action at every time-step. Two agents cannot occupy the same
square. The state space, SL1, is of size 20� 19 � 380, and the joint
action space, AL1 is a cartesian product of the two agents action
spaces, AAL1�A

B
L1, and is of size 5 � 5 � 25. A game starts with

agents in a random position in their own halves. The outcome for
some joint action is generated by determining the outcome of each
agent’s action separately, in a random order, and is deterministic
otherwise. An agent moves when unobstructed and does not when
obstructed. If the agent with the ball tries to move into a square
occupied by the other agent, then the ball changes hands. If the
agent with the ball moves into the goal, then the game is restarted
and the scoring agent gains a reward of �1 (the opposing agent
getting �1).

Therefore, other than the random turn ordering the game mechan-
ics are deterministic.

(a) (b)

Figure 2. If agent A chooses to go East and agent B chooses to go South
when diagonally adjacent as shown, the outcome will be non-deterministic
depending on which agent’s move is calculated first. In the original Littman

version this was achieved by resolving agent specific actions in a random
order, fig. (a). In the SMAFASP version this is translated into a flat transition

function with probabilities on arcs (square brackets), fig. (b).

The Littman soccer game can be recreated as a SMAFASP, with
very little work. We add a couple more states for the reward function,
add a trivial observation function, and flatten the turn-taking into the
transition function.

Formulation 2 (The SMAFASP soccer formulation) The
SMAFASP formulation of the soccer game, is formed as fol-
lows: the state space SL2 � SL1 � s�A � s�B , where s�g is the state
immediately after g scores a goal; the action space AL2 � AL1;
the observation space OL2 � SL2; the observation function is the
identity mapping; and the measure/reward function for agent A,
fA P ΦpSL2ÑRq is as follows,

fAps�Aq � 1, fAps�Bq � �1, and fApsq � 0 for all other s P S.

Agent B’s reward function is simply the inverse, i.e. fBpsq �
�fApsq, for all s.

To define the transition function we need first to imagine that
Littman’s set of transitions were written as agent specific transition
functions, tgL1 P ΣpSL1�AL1 Ñ SL1q for each agent g — al-
though this is not explicitly possible within the framework he uses,
his description suggests he did indeed do this. The new transition
function, tL2 P ΣpSL2�AL2ÑSL2q, would then be defined, for all
sn, sn�1 P SL1, aAn P AAL2, aBn P ABL2, in the following way,

tL2psn�1|sn, pa
A
n , a

B
n qq

�
1

2
.
¸
sPSL1

�
tAL1ps|sn, a

A
n q.t

B
L1psn�1|s, a

B
n q

�tBL1ps|sn, a
B
n q.t

A
L1psn�1|s, a

A
n q



.

The transition probabilities involving the two new states, s�A and s�B ,
would be handled in the expected way.

The turn-taking is absorbed so that the random order of actions
within a turn is implicit within the probabilities of the transition func-
tion, see Fig. 2(b), rather than as before being a product of the implicit
ordering of agent actions, as in Fig. 2(a).

It is possible to reconstruct Littman’s game in a more flexible way.
To see how, it is instructive to first examine what Littman’s motives
may have been in constructing this problem, which may require some
supposition on our part. Littman’s example is of particular interest to
the multi-agent community, in that there is no independently opti-
mal policy for either agent; instead each policy’s value is dependent
on the opponent’s policy — therefore each agent is seeking a pol-
icy referred to as the best response to the other agent’s policy. Each
agent is further limited by Littman’s random order mechanism, see
Fig. 2(a), which means that while one agent is each turn choosing
an action based on current state information, in effect the second
agent to act is basing its action choice on state information that is
one time-step off current; and because this ordering is random, nei-
ther agent can really rely on the current state information. Littman
doesn’t have much control over this turn-taking, and as can be seen
from the SMAFASP formulation, the properties of this turn-taking
choice can be incorporated into the transition function probabilities
(see Fig. 2 (b)). Different properties would lead to different probabil-
ities, and would constitute a slightly different system with possibly
different solutions.

However, consider for example, that an agent is close to their own
goal defending an attack. Its behaviour depends to some degree on
where it expects to see its attacker next: the defender may wish to
wait at one of these positions to ambush the other agent. The range
of these positions is dependent on how many turns the attacker might
take between these observations, which is in turn dependent on the
turn-taking built into the system. For ease of reading, we introduce
an intermediate AMAFASP formulation. The individual agent action
spaces are as in the SMAFASP, as is the observation space, but the
new state information is enriched with the positional states of the
previous time-step, which in turn can be used to generate the obser-
vations for agents.

Formulation 3 (The first AMAFASP soccer formulation) This
AMAFASP formulation of the soccer game, ML3, is formed as
follows: the new state space SL3 � SL2 � SL2, so a new state
at some time-step n, is given by the tuple psn, sn�1q, where
sn�1, sn P SL2 and records the current and most recent positional
states; there are two action space, one for each agent, AAL3 � AAL2

and AAL3 � AAL2; and two identical agent specific observation



spaces, OAL3 � OBL3 � OL2; the new agent specific transition
functions, tgL3 P ΣpSL3 � AgL3 Ñ SL3q, are defined, for all
sn�1, sn, s

1
n, sn�1 P SL2, agn P A

g
L3, in the following way:

tgL3ppsn�1, s
1
nq|psn, sn�1q, a

g
nq �

"
tgL1psn�1|sn, a

g
nq iff s1n � sn,

0 otherwise.

where tgL1 represents agent g’s deterministic action effects in
Littman’s example, as in Formulation 2. The goal states, s�A and s�B ,
are dealt with as expected.

Recalling that OL3 � SL2, the observation function, ωgL3 P
ΣpSL3 ÑOL3q, is generated, for all psn�1, snq P SL3, on P OgL3,
and g P tA,Bu, in the following way,

ωgL3pon|psn, sn�1qq �

"
1 iff sn�1 � on,
0 otherwise.

The reward function is straightforward and left to the reader.
Finally, we construct the turn-taking function uL3 P ΣpSL3 Ñ

tA,Buq, which simply generates either agent in an unbiased way
at each time-step. The turn taking function is defined, for all
psn, sn�1q P SL3, as

uL3pA|psn, sn�1qq � uL3pB|psn, sn�1qq � 1{ 2.

This does not fully replicate the Littman example, but satisfies the
formulation in spirit in that agents are acting on potentially stale po-
sitional information, as well as dealing with an unpredictable oppo-
nent. In one sense, it better models hardware robots playing football,
since all agents observe slightly out of date positional information,
rather than a mix of some and not others. Both this and the Littman
example do, however, share the distinction between turn ordering and
game dynamics typified by Fig. 2 (a), what is more, this is now ex-
plicitly modelled by the turn-taking function.

To fully recreate the mix of stale and fresh observations seen in
Littman’s example along with the constrained turn-taking, we need
for the state to include turn relevant information. This can be done
with a tri-bit of information included with the other state information,
to differentiate between; the start of a Littman time-step, when either
agent could act next; when agent A has just acted in this time-step
– and it must be B next; and vice versa when A must act next; we
shall label these situations with l0, lB and lA respectively. This has
the knock on effect that in l0 labelled states the observation function
is as Formulation 2; in lA and lB labelled states the stale observation
is used – as in Formulation 3. Otherwise Formulation 4 is very much
like formulation Formulation 3.

Formulation 4 (The second AMAFASP soccer formulation) This
AMAFASP formulation of the soccer game, ML4, is formed as
follows: there is a set of turn labels, L � tl0, lA, lBu; the state
space is a three way Cartesian product, SL4 � SL2 �SL2 �L,
where the parts can be thought of as current-positional-state,
previous-positional-state and turn-label respectively; the action
spaces and observation spaces are as before, i.e. AgL4 � AgL3,
OgL4 � OgL3, for each agent g; the transition and reward functions
are straightforward and are omitted for brevity; the observation
and turn taking functions are defined, for all psn, sn�1, lnq P SL4,
on P O

g
L4 and all agents g, in the following way,

ωgL4pon|psn, sn�1, lnqq �

#
1 if sn � on and ln � l0,
1 if sn�1 � on and ln � ug,
0 otherwise.

and

uL4pgn|psn, sn�1, lnqq �

# 1
2

if gn � g and ln � l0,
1 if gn � g and ln � ug,
0 otherwise

The above formulation recreates Littman’s example precisely, and
instead of the opaque turn-taking mechanism hidden in the textual
description of the problem, it is transparently and explicitly modelled
as part of the turn-taking function.

So the Littman example can be recreated as a SMAFASP or
AMAFASP, but more interestingly both AMAFASP formulations,
3 and 4, can be tuned or extended to yield new, equally valid, for-
mulations. What is more, the intuitive construction means that these
choices can be interpreted more easily.

Consider Formulation 3; the turn-taking function u can be defined
to give different turn-taking probabilities at different states. For in-
stance, if an agent is next to its own goal, we could increase its prob-
ability of acting (over the other agent being chosen) to reflect a de-
fender behaving more fiercely when a loss is anticipated. Alterna-
tively, if an agent’s position has not changed since the last round, but
the other’s has then the first agent could be more likely to act (pos-
sible as two steps of positional data are stored); giving an advantage
to the H(old) action, but otherwise encouraging a loose alternating
agent mechanism.

While Formulation 4 recreates the Littman example, it again can
be adjusted to allow different choices to the turn taking mechanism;
in particular it is now possible to enforce strictly alternating agents.
This would be done by flipping from state label lA to lB or vice versa,
at each step transition, and otherwise keeping things very much as
before. It is important to note that many specific models built in this
way, can be recreated by implicit encoding of probabilities within
existing frameworks, but it is difficult to see how the experimenter
would interpret the group of models as being members of a family of
related systems.

4.1 Flexible Behaviour Regulation

If we increase the number of players in our game, we can consider
increasing the number of measure functions for a finer degree of
control over desired behaviour. With just 2 agents competing in the
Littman problem, it is difficult to see how to interpret any extra sig-
nals, and adding agents will increase the state space and hence the
policy size radically. So, before we address this aspect of the FASP
formalisms, it is useful to examine a more recent derivative soccer
game, namely Peshkin et al.’s partially observable identical payoff
stochastic game (POIPSG) version [20], which is more amenable to
scaling up.

Figure 3. The POIPSG cooperative soccer example from [20].



Peshkin et al.’s example is illustrated in Fig. 3. There are two team-
mates, V1 and V2, and an opponent O, each agent has partial observ-
ability and can only see if the 4 horizontally and vertically adjacent
squares are occupied, or not. Also, players V1 and V2 have an extra
pass action when in possession of the ball. Otherwise the game is
very much like Littman’s with joint actions being resolved for indi-
vidual agents in some random order at each time-step. Contrary to
expectations, the opponent is not modelled as a learning agent and
does not receive a reward; instead the two teammates share a reward
and learn to optimise team behaviour versus a static opponent policy;
for more details see [20].

As with its progenitor, the Peshkin example could be simply re-
worked as a SMAFASP in much the same way as in Formulation 2.
Recreating it as an AMAFASP is also reasonably straightforward; as
before, the trick of including the previous step’s positional state in
an AMAFASP state representation, allows us to generate stale ob-
servations – which are now also partial. As this is relatively similar
to the Littman adaptions, the details are omitted. The focus here in-
stead, is to show that, in the context of Peshkin’s example, a zero-
or general-sum adaption with more agents, could have some utility.
Firstly, agent O could receive the opposite reward as the shared re-
ward of V1 and V2, this could be done without introducing another
measure function, merely reinterpreting Peshkin’s reward function;
now, the opponent could learn to optimise against the cooperative
team. More interestingly, the players V1 and V2 could be encour-
aged to learn different roles by rewarding V1 (say) more when the
team scores a goal and penalising V2 more when the team concedes
one, all this requires is a measure function for each agent and a zero-
sum correction. Further, we can add a second opponent (giving say
O1 and O2), either rewarding them equally or encouraging different
roles as with V1 and V2. In this way we could explore the value of
different reward structures by competing the teams. If more agents
were added, even up to 11 players a side, and a much larger grid, the
AMAFASP framework supports a much richer landscape of rewards
and penalties, which can encourage individual roles within the team,
while still differentiating between good and bad team collaborations.

5 Discussion

In this paper, we have examined a new family of frameworks —
the FASP, geared towards modelling stochastic processes, for one
or many agents. We focus, on the multi-agent aspects of this family,
and show how a variety of different game scenario’s can be explored
within this context. Further, we have highlighted the difference be-
tween synchronous and asynchronous actions within the multi-agent
paradigm, and shown how these choices are explicit within the FASP
frameworks. As a package, this delivers what we consider to be a
much broader tool-set for regulating behaviour within cooperative,
non-cooperative and competitive problems. This is in sharp contrast
to the more traditional pre-programmed expert systems approaches,
that attempt to prescribe agent intentions and interactions.

The overarching motivation for our approach is to provide the
modeller with transparent mechanisms, roughly this means that all
the pertinent mechanisms are defined explicitly within the model.
There are two such mechanisms that are visited repeatedly in this
paper, these are multiple measures and turn-taking, but they are not
the only such mechanisms. In fact, the FASP borrows from the MDP,
and POMDP, frameworks a few (arguably) transparent mechanisms.
The transition function is a good example, and the observation and
reward functions as they are defined in the POMDP have a degree of
transparency; we argue that strict state encapsulation improves upon

this though. The general agent-environment relationship is the same
as the POMDP, meaning existing analytic and learning tools can still
be applied where appropriate5. Moreover, techniques for shaping and
incremental learning developed for related single agent frameworks
[14, 22] and multi-agent frameworks [7] can also be applied without
radical changes.

Other ideas for good transparent mechanisms exist in the litera-
ture, and the FASP family would benefit by incorporating the best
of them. For instance, modelling extraneous actions/events can re-
duce the required size of a model, by allowing us to approximate
portions of an overall system, without trying to explicitly recreate
the entire system. Imagine a FASP with a external event function
X P ΣpSÑSq, which specifies how an open system might change
from time-step to time-step, a similar extraneous event function can
be found in [21]. This transition might occur between the observation
and action outcomes, incorporating staleness into the observations
as with our examples in Section 4. More interestingly, this func-
tion could be part of an AMAFASP, and be treated analogously to
the action of a null agent; this would allow the turn-taking function
to manage how rarely/often an extraneous events occurred. Another
candidate for transparent mechanism, can be found in [4], where they
simulate a broken actuator by separating intended action from ac-
tual action with what amounts to a stochastic map between the two.
We would encourage modellers to incorporate such mechanisms as
needed.

There are other clear directions for future work, the tools outlined
in this paper enable a variety of multi-agent problems, with choice of
measures for evaluation, but it leaves out how these measures might
be used to solve or learn desirable solutions. The terms general- and
zero-sum are not used accidentally, the similarities with traditional
game theory are obvious, but the differences are more subtle. The
extensive form game in the game theoretic sense, as described in
[17], enforces that a game has a beginning and an end, only rewards
at the end of a game run, players (agents) do not forget any steps in
their game; and seeks to address the behaviour of intelligent play-
ers who have full access to the game’s properties. While this can
be defended as appropriate for human players, our paradigm allows
for an ongoing game of synthetic agents with potentially highly re-
stricted memory capabilities and zero prior knowledge of the game
to be played; and rewards are calculated at every step. In fact, if we
were to combine the AMAFASP with extraneous actions, it would
constitute a generalisation of the extensive form game, as described
in [17], but we omit the proof here.

It is sufficient to say that the FASP family demands a different so-
lution approach than the extensive form game, and certainly a differ-
ent approach than the easily understood reward-maximisation/cost-
minimisation required by single-agent and cooperative MDP style
problems. Some preliminary research has been done with respect to
such systems, [4, 11, 26], we envisage this as being an active area
of research in the next few years, and hope that the FASP tool-set
facilitates that study.
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A The Benefits of Turn-Taking
Modelling with turn-taking is not only more natural in some cases, in
certain cases it allows for a more concise representation of a system.
Consider a system with 2 agents,A andB, and 9 positional states (in
a 3�3 grid), where agents cannot occupy the same location (so there
are 9 � 8 � 72 states), and movement actions are in the 4 cardinal
directions for each agent.

Let us first consider how this might be formulated without explicit
turn taking. Imagine, this is our prior-state,

s1 �

Imagine also that agent A chooses action E(ast), agent B chooses
action S(outh) — making joint action E, S¡, and that these actions
will be resolved in a random order. This results in one of three post-
action states, with the following probabilities;

Pr

�
s1 �

���� s � , a � E,S¡



� α1,

Pr

�
s1 �

���� s � , a � E, S¡



� β1,

and

Pr

�
s1 �

���� s � , a � E,S¡



� γ1,

where α1 � β1 � γ1 � 1.
Let’s assume that they are transparently modelled by agents

A and B, whose actions fail with the following probabilities;
Pr pA’s action failsq � p and Pr pB’s action failsq � q, acting in
some order, where Pr pA is firstq � r, and such that agents cannot
move into an already occupied square. We can use these values to
determine the flattened probabilities as α1 � p1�pq pr � qp1�rqq,
β1 � pq, and γ1 � p1�qq ppr � p1�rqq. α1, β1 and γ1 are not
independent, they represent only 2 independent variables, but are fed
into by p, q and r, which are independent. It may seem that α1, β1

and γ1 model the situation more concisely, since any one combina-
tion of α1, β1 and γ1 could correspond to many different choices for
p, q and r. However, this isn’t the whole story. Consider instead the
prior-state s2, where

s2 � ,

and the combined action   S,E ¡. Treated naively the possible
outcomes might all be specified with separate probabilities (say α2,
β2 and γ2) as before. However, the modeller can, with transparent
mechanisms, choose to exploit underlying symmetries of the system.
If, as is quite natural, the turn ordering probabilities are independent
of position, then there need be no extra parameters specified for this
situation, the original p, q and r are already sufficient to define the
transition probabilities here too.


