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Abstract

We outline two theories of mathematical language acqaisiti
and development, and discuss how a computational model of
these theories may help to bridge the gap between automated
theory formation and situated embodied agents. Finally, we
briefly describe a simple theoretical case study of how such a
model could work in the arithmetic domain.

Introduction
It is surprising that little work has been carried out into

different to, but not necessarily as bigger than, “4”), and
to perform very simple arithmetic (see also (Butterworth,
1999)). For the sake of their argument, these abilities are
called innate arithmetic. In order to form more complex
mathematical ideas, we need to be able to form two types
of conceptual metaphor between innate arithmetic and the
more complex arithmetic of natural numbers. Firstly, we
need to be able to malgrounding metaphorsThese allow

us to project from everyday experiences onto abstract con-
cepts. For instance, we make the metaphor between putting
physical objects into groups, and the abstract concept-of ad

both on an individual and social level. A better understand-

for arithmetic: forming collections, putting objects tdier,

ing of the processes by which we learn to represent, store, USiNg measuring sticks, and moving through space. The
communicate, use and develop mathematical ideas would S€cond type of metaphor that we need to be able to make

have great educational potential as well as implicatioms fo

other language acquisition, philosophy and psychology of

mathematics, and robotics. The deficiency of work in this
area led cognitive scientists Lakoff and NUfiez to lamant i
2001 that (prior to their work) “there was still no discipdéin

of mathematical idea analysis” (Lakoff and NUfiez, 2001,
p.Xl). A philosophical counterpart to Lakoff and Nufiez's
work is Lakatos’s work in the philosophy of mathematics
(Lakatos, 1976). Both theories reject the “romantic” or

“deductivist” style in which mathematics is presented as

an ever-increasing set of universal, absolute, certaitingru

which exist independently of humans, arguing instead that

mathematics uses non-absolute, defeasible reasoning.

Lakoff and N Gfiez’s theory of embodied
mathematics

Lakoff and NUfiez present the thesis that the human embod-

ied mind brings mathematics into being (Lakoff and NUfez,

2001). That is, human mathematics is grounded in bodily
experience of a physical world, and mathematical entities
inherit properties which objects in the world have, such as
being stable over time. They review studies which suggest
that babies are able to distinguish one (small) number from

another, to know the size of a small collection of objects (al

is alinking metaphor This consists of blending different
metaphors and yields sophisticated ideas, such as mapping
points on a line to numbers, algebraic equations to geometri
cal figures, or numbers to sets. Lakoff and NUfiez argue that
much of the abstraction of higher mathematics is the conse-
quence of this type of systematic layering of metaphor upon
metaphor and they show where mathematical concepts and
laws come from, in terms of these metaphors.

The importance of the environment and our interaction
with it in the development of mathematical ideas and ca-
pabilities is supported by work in mathematics education
and psychology. For instance, Dienes developed a theory of
embodied mathematical knowledge and situated cognition,
claimed that the environmentis “of outstanding importdnce
in learning mathematics (Dienes, 1973), and, in his thebry o
the acquisition of mathematics (discussed in (Taylor, }JR76
argued that interaction with the environment is a fundamen-
tal aspect of three of the six stages. Piaget gave experience
the environment and action central roles in the developmen-
tal process (Piaget, 2001). Choat provides another example
in his argument that “all mathematical knowledge origisate
from contact with objects which constitute the environnient

though not necessarily link size to order, so “3” is seen as (Choat, 1980, p. 38).



Lakatos’s theory of social mathematics ural world being being built in at the modelling level thrdug

Lakatos charts the evolution of meaning of mathematical the use of powerful statistical techniques (Thrun, 2002). R
terms via dialectic. His influences include Hegel's dialec- centwork has proposed approaches which can build up con-
tic, in which thethesiscorresponds to a naive mathematical cepts and rules about the world based on experience gained
conjecture and proof; thentithesisto a mathematical coun- ~ from interacting with a stochastic domain (Pasula et al.,
terexample; and thgynthesiso a refined theorem and proof ~ 2006; Shanahan, 2005). Being able to reason at a high
(described in these terms in (Lakatos, 1976, pp.144-145)). level about these rules and concepts would be a powerful
Another influence is Plato, and some of the reasoning which tool for an embodied agent learning about its environment,
Lakatos describes can be compared to that in Pl&ejsub- especially if such reasoning resulted in testable hypethes
lic, in which arguments are not deductive: the meaning of thatthe embodied agent could try out in its world. Ground-
terms in the arguments Changes over time, and therefore aing a system of mathematics via embodied interaction with
termin a premise of an argument may not mean the same asan environment would also relate to the Symbol grounding
the same term in the argument’s conclusion. For instance, Problem; enabling us to provide an account of how mathe-
Simonides proposes that “it is right to give back what is Mmatical language acquires meaning, and what this meaning
owed”. This initial statement is questioned by Socrateawit Might be.

the counterexample of someone borrowing weapons from a . .

friend who subsequently goes insane, in which case it would A computational model of mathematical

not be right to return the weapons. The discussioilie language acquisition and development

Republicthen turns to what it means to give back what is We are Current]y drawing from these ideas to produce a
owed, with Polemarchus suggesting that people owe their computational model of mathematical language acquisition
friends gOOd deeds, and their enemies bad ones. The dia'and deve|opment_ Such a model must Comprise both an
logue later turns to what the conceptdiing rightmeans, embodied level where mathematical ideas can be seen as
and leads into Plato’s treatment of justice. Another exam- hidden rules which hold for, or are inspired by, a physi-
ple is the change of meaning of the mathematical term “set” ¢al world (based on Lakoff and Nufiez’s work), and an ab-
which evolved, in response to Russell's paradox and other stract level where these ideas are explored and sometimes
problems, from Cantor’s “collection of objects” to Zermelo  changed (based on Lakatos's theory). We have already de-
Fraenkel's definition: “given the s&d, and any meaning-  veloped a computational model of Lakatos's theory and used
ful propertyP, it is possible to form the set of all members  our model to evaluate his theory (Pease et al., 2002; Pease
of Swhich satisfyP”. Lakatos calls this type of reason- et al., 2004). We envisage a 4-stage model in which the
ing monster-barringand gives examples from mathematics. interaction between the embodied agent and the reasoning
Once the validity of a counterexample has been questioned, software would work in a simple arithmetic domain as de-
the focus of an argument switches from theth of the con- scribed below.

jecture to themeaningof its terms, which is negotiated by  An embodied agent is equipped with innate arithmetic capa-
participants in a discussion according to their motivadion pjjities such as ability to distinguish small numbers, $igbi

and beliefs. ing, and perception of simple arithmetic relationships, as

. well as cognitive capacities including grouping, ordering
The interface between automated theory pairing, memory and metaphorizing (see (Lakoff and N{ifiez

formation and situated embodied agents 2001, pp. 51-52)), as well as ability to select and abstract

A computational model of the embodied and social math- common properties (see (Liebeck, 1984)). In the first stage
ematics described above may also help to bridge the gap the agent is able to interact with its environment, for ex-
between automated theory formation and situated embod- ample, by moving objects around into different piles and
ied agents. Despite forty years of research into automating configurations, and to abstract properties of the grough suc
the formation of mathematical theories, there is still ne au as its size. The agent may remember, or store, the results
tomated theory formation system which works at the pre- of adding a first pile to a second pile, and the results of
axiomatic stage or takes cognitively plausible knowledge a adding the second pile to the first. This embodied inter-
input. Conversely, although the subsumption architecture action would lead to a set of concepts and facts about the
framework proposed by Brooks has proven itself in allow- environment which would then be passed as input to a the-
ing the creation of reactive robots that can deal with the nat ory formation system (which can be achieved with methods
ural complexity of the real world, the architecture has v similar to those proposed by (Pasula et al., 2006; Shana-
somewhat limited in the complexity of the tasks to which it han, 2005) as described above). In the second stage this
can be applied. theory formation system would abstract and generaliserule
To allow robots, or embodied agents, to undertake more which are descriptive of the patterns it finds. For example, i
complex tasks, a return has been seen to the older sense-might generate theommutative axiom of additidjfor natu-
model-plan-act approach but with the robustness to the nat- ral numbersa andb, a+ b = b+ a). The system would then



explore the search space which the axioms define, by gener-Lakatos, |. (1976). Proofs and Refutations CUP, Cam-
ating further concepts, making conjectures empiricalighs bridge, UK.

aswhenever we subtract 1 from a number then we get an-
other numberandall numbers can be written as the sum of
two numbersand passing these to a theorem prover. In stage
three, conjectures and theorems would then be passed back
to the embodied agent for evaluation. For instance, thetagen Liebeck, P. (1984)How Children Learn Mathematic®en-
might evaluate relevance by testing whether a theorem can guin Books, Middlesex.

be instantiated within the world, or interestingness imter

of whether the theorem provides a new description of known Pasula, H. M., Zettlemoyer, L. S., and Pack Kaelbling, L.
behaviour or describes previously unknown behaviour. The (2006). Learning symbolic models of stochastic do-
agent might note that the two conjectures above hold for mains.J. of Al Research29:309-352.

every collection of objects except for the collection of one
object. It might then extend its concept of collection to in-
cluding the empty collection, by performing the operation
of removing one object from a collection of just that object
and labelling the result a collection. Finally, in stagerfou

the same theory_ formation program would be _used to anal- Pease, A., Colton, S., Smaill, A., and Lee, J. (2004). A
yse the information about the theorems and axioms and used model of Lakatos's philosophy of mathematicBro-

to modify the axiom set. If one axiom had only been used ceedings of Computing and Philosophy (ECAP)

to generate uninteresting theorems then this may be réjecte

at this stage. Conversely, for instance, having the “nuthber Piaget, J. (20015tudies in Reflecting AbstractioBsychol-
zero in the system might suggest further conjectures which ogy Press, Hove, UK.

would justify its inclusion in the theory. If any of the the-
orems contradicted each other then the axioms used woul
need to be modified or rejected.

We would evaluate our model based on whether it could
reinvent concepts such as “zero” or axioms in a cognitively Tayjor, J. (1976). The foundations of maths in the infant
plausible way, and whether it recognised the interestingne school Allen and Unwin, London.
of such pivotal concepts.
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The theories we discuss in embodied and social mathemat-
ics are early characterisations of ways in which people do
mathematics. We hope to build a computational representa-
tion of the theories which, starting from cognitively plaus
ble innate abilities, models how we interact with an environ
ment and how we formulate, explore, evaluate and modify
axioms which describe that world. Our goal is to both ex-
tend and evaluate the theories we have discussed. It will be
particularly exciting to further investigate the role treah-
bodied interaction with an environment plays in our human
mathematical development.
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