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Abstract.
study opinion dynamics. Such a framework is inspired fromysids
and, in particular, from the kinetic theory of gases withfetiént
types of molecules, known as gas mixtures. By reinterpyetire
molecules of gases as agents, and the collisions among uhegdec

In this paper we summarize an analytic framework to ics [21] or on thermodynamics and Brownian motion [20]. Iadle

the approach that we consider in this paper is based on tletidkin
theory of gas mixtures, a branch of physics that aims at fbzing
observable macroscopic properties of gas mixtures, whiettam-
posed of different types of molecules. The observable nsaofgc

as interactions among agents, we show how to adapt the &inetiproperties of interest in kinetic theory are, e.g., the gues and the

approach to the study of opinion dynamics in multi-agentesys.
First, we briefly introduce the key ingredients of the kingtieory of
gas mixtures to clarify nomenclature and to emphasize thetan-
tial differences with the proposed framework. Then, we slhow
the kinetic approach can be used to study opinion dynamicguiti-
agent systems, and how a variety of sociological phenomande
accommodated in the proposed framework. In the last pahteopa-
per we focus on two sociological phenomena, namely comg®mi
and diffusion, and we describe analytic results concerstaionary
profiles of the distribution of opinion, and of the temporableition
of the average opinion and of the variance of the opinion.

1 Introduction

Besides a notable interest witnessed in the research oi-based
models (see, e.g., [5]), a significant interest on opinionadyics is
found in many research areas. Opinion dynamics and theteféc
social interactions are studied in the context of socioltgerive

scientific theories and models to explain collective betvaviand

socio-cultural differentiation (see, e.g., [8]). Opinidgnamics has
been investigated in the field of artificial life [7], whichqposes

temperature of the gas mixture, and the theory moves frorserige
tion of microscopic interactions among molecules.

Kinetic theory studies the microscopic collisions among
molecules in gases and it relies on the details of such woikgo de-
rive macroscopic properties of gases, using proper bakauations.
Similarly, when dealing with opinion dynamics, one typlgadtarts
from the description of microscopic interactions amongnagi@nd
aims at deriving macroscopic properties of the system coimgg
e.g., the temporal evolution of the average opinion [18,B8hce, by
reinterpreting the molecules of gases as agents it is degsiadapt
the kinetic framework to analyse opinion dynamics in maljent
systems. Notably, very few results of kinetic theory of gastares
are applicable to the study of opinion dynamics becauseosdopic
collisions among the molecules are significantly differsatn mi-
croscopic interactions among agents, as considered tiypiyasoci-
ologists. For this reason, while the general approach aftldnheory
remains valid, the two theories are substantially differenthis pa-
per, we show that it is possible to derive analytic relatibasveen
the microscopic laws that describe the effects of intesastiamong
agents and the distribution of the opinion after a suffitieldrge
number of interactions, which is normally callsthtionary profile

common models for many types of agents, such as: plants and arMoreover, we show that the use of the proposed kinetic fraonew

mals in ecosystems, vehicles moving in the traffic, pedestrivalk-
ing indoor or outdoor, and actors in large-scale orgaropati Fi-
nally, opinion dynamics has been studied in various fieltied to
artificial intelligence, such as cooperative multi-ageygtems (see,
e.g., [2,17]). The interest in the study of opinion dynanmigstill
very high because of its central role in very challengingliappons
like social networks.

The majority of existing agent-based models used to studly- op
ion dynamics are based on simulations, and obtained reselislid
within the scope of the type of systems that have been agtsiatiu-
lated. On the contrary, in this paper we propose to studyiapidy-
namics from an analytic point of view, whose results aredvaithin
the scope of the hypotheses used to obtain them. The analytic
proach that we adopt is inspired by physics, and we acknaeled
that other models of opinion dynamics inspired by physiesdarc-
umented in the literature, such as those based on statistezanan-
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allows macroscopic characteristics of the system, sudieesvierage
opinion or the variance of the opinion, to be determinedicallly.

This paper is organized as follows. Section 2 outlines the ba
sic nomenclature of the kinetic theory of gas mixtures. i8acB
presents the proposed framework using the nomenclaturamefid
theory. Section 4 discusses relevant sociological phenamich
can be accommodated in the proposed framework, and it shwavs a
Iytic results obtained considering some interesting dogioal phe-
nomena. Finally, Section 5 concludes the paper and outtingsing
and future work.

2 Overview of Kinetic Theory of Gas Mixtures

Classic kinetic theory of gas mixtures formalizes an exgiam of
observable macroscopic properties of gas mixtures, ergsspre
and temperature, starting from the analysis of microscogpiicsions
among molecules. The basic idea of the theory is to describe m
croscopic collisions among molecules of a gas from a prdig&bi
point of view, with the objective of deriving a descriptiohabserv-



able macroscopic properties by means of proper balancdiensia
Normally, kinetic theory of gas mixtures is described bytfatsidy-

ing the case of gases with only one type of molecules. In this p

ticular case, the theory assumes the existence of a sitigfiebu-

tion function f(z, v, t), which represents the density of molecules 2

at positionz € R? with velocity v € R? at timet > 0. Typi-
cally, it is assumed that the distribution function evolaesording
to the Boltzmann equation, which is an integro-differdreiguation

Finally, the local temperaturels(z,t) of speciess, for all
s € {1, ..., M}, is computed according to

§ns(g, OkTs(z,t) = ms/ (v —u, (2, 1) fs (v, 2, t) dsv (8)
R3

wherem is the mass of molecules of species

whose unknown is functiorf (z, v, t). The spatially homogeneous 3 A Kinetic Framework for Opinion Dynamics

Boltzmann equation is

of

i Q(f, Nz, v ) 1)

where the term on the right hand side is related to the eftédtmary
collisions among molecules, and for this reas@if, f) is called
collisional operator Given the distribution functiorf (z, v, t), it is
possible to define macroscopic properties typically assediwith
gases. First, by integratinf(z, v, t) with respect ta, one obtains

n(z,t) = / f(z,v,t)dsw 2
R3

which represents the number of molecules per unit volumiengtt

with positionz. The average velocity of molecules, instead, can b

computed as

u(z,t) = @ /]Rd v f(z,v,t) dzv.

Finally, the local temperatur€(z, ¢) at timet can be computed ac-
cording to the following equality

©)

gn(z, kT (z,t) = m/s (v — u(z, 1)’ f(v,z, t)dsv  (4)

wherek is the Boltzmann constant, amd is the mass of molecules.
Observe that the Boltzmann equation (1) is relative to a desev
all the molecules are equal. Instead, a gas is typically cseg of
different kinds of molecules. For this reason, kinetic tlyeof gas
mixtures, namely of gases with different types of molecutgpi-
cally calledspecieswas introduced. In this case, denotinglds> 1
the number of species in the considered gdglistribution functions

€

In this section, we use the kinetic approach described iti@e2 to
investigate opinion dynamics in multi-agent systems. Befgoing
into the details of the proposed framework, it is worth memitig
the basic assumptions which underlie the framework. Opithias
been modeled in the literature both as a discrete [24] andcasa
tinuous [6] variable. While discrete models are typicalbed to ad-
dress situations where a finite number of options are avejlalg.,
in political elections, continuous models are typicallydgo study
opinions related to a single topics, varying from strongisadree
to completely agree. In the proposed framework, we modeiiopi
as a continuous variable. In general, the interactionsgtegrn the
dynamics of opinion may involve two [13] or more [10] agerasd
in the first case they are calldihary interactions In the proposed
framework, we focus on binary interactions. Finally, opmimod-
els differ due to the phenomena used to describe how theamsini
of agents change after single interactions. Opinion maygade-
cause of a variety of phenomena, which has been classifiechimt
accepted nomenclature by sociology. Single models tylpicatiude
a specific subset of such phenomena depending on the spéeific ¢
acteristics of the studied multi-agent systems, on tadgpelication
scenarios, and on the background of authors. The propoastefr
work accommodates various phenomena to update the opinfons
interacting agents, as detailed in Section 4.

As in kinetic theory, we aim at studying interesting macogsc
properties of a system made of interacting peers, now cafieats
and not molecules, starting from the analysis of the effet&ngle
interactions. Inspired by kinetic theory, we assume tHatg#nts can
interact with each other, and we consider binary interast@among
agents. While in kinetic theory the molecules of gases asecks
ated with physical parameters, such as their positions alutities,

{f<}}L, are defined. When considering a gas mixture, the temporahere we assume that each agent is associated with a sintie aa

evolution of each density function can be described as

M
Ofs Zer(fsv fr)(z,v,t) 1<s<M (%)

ot

r=1

where the right-hand side represents the collisional aperalative

rameterv which represents its opinion, and we assume tharies
continuously in a proper closed interval, denoted as R.

We first start with a system in which all agents are equal, and

then we extend the framework to a system made of differergstyp
of agents. When agents are all equal, we assume the exisiéace
distribution function for the opinion, denoted @év, t), which rep-

to species;, which is written as the sum of the collisional operators (asents the number of agents with opiniorat time ¢, and which

Q.- (fs, fr) relative to collisions among molecules of specieand

is defined for each opinion € I and for each time > 0. Obvi-

any specied < r < M. Observe that the collisional operator rela- oysly, due to its definition, functiorf(v, t) is non-negative. Using

tive to species depends on the distribution functiofig; }22; of all

species. As in the case with only one species, it is possibteitn-
pute macroscopic properties, as follows. The number of cutds
of speciess per unit volume at time with positionz is obtained by
integrating the distribution function relative to speciesith respect
tow

ns(gﬂt):/ fs(£7y7t)d32 1§5§M (6)
R3
The average velocity of molecules of speciesan be computed as

1

u (z,t) = @)

/Efs(L%t)dSE 1<s< M. (7)
R3

the distribution functionf (v, t), the number of agents at tintecan
be written as

) = [ .0a, ©
I
and the average opinian(t) at timet can be computed as
1
u(t) = — | vf(v,t)dw. 10
0= o5 | o) (10)

The number of agents at timds obviously related to the number of
molecules in a gas as in (2), while the average opini@f is related
to the average velocity of the molecules of a gases as in (@&nG



the average opinion(¢), it is also possible to compute the variance
of the opinion as

2 = 1 'U—'U/2 v V.
70 = /,( 2w, )d (11)

n(t
Observe thab? (t) is related to the temperature of gases in (4).

As in kinetic theory, we assume that functigitv, t) evolves on
the basis of the Boltzmann equation (1), whose form is now

of _

E - Q(f7 f)(”U,t).

Using the same nomenclature of kinetic theory, we refe s col-

lisional operator. However, we remark that the explicit regsion

of the collisional operator used in kinetic theory is substdly dif-

ferent from that adopted to study opinion dynamics, as mediin
Section 4.

Following consolidated practice in kinetic theory, we fscon

(12)

the weak formof the Boltzmann equation, as usual when trying to

find solutions of a non-trivial integro-differential eqiat. The weak
form of a differential equation is obtained by multiplyingth sides
of the considered equation by a smooth function with compapt
port, typically calledtest function and then integrating the obtained
equation. Hence, the weak form of the Boltzmann equatiohi€l2

& [so0sa= [ o pwnsmn ad
where the right-hand side is callagtak form of the collisional oper-
ator Q with respect to test functiop(v). Functions that satify (13)
are calledweak solution®f the Boltzmann equation, and they are
useful to study macroscopic properties of a system, asaisllo

1. The left-hand side of (13) witti(v) = 1 represents the derivative,
with respect to time, of the number of agenig);

The left-hand side of (13) withh(v) = v is proportional to the
derivative, with respect to time, of the average opinign); and
The left-hand side of (13) witii(v) = (v —u)? is proportional to
the derivative, with respect to time, of the variance of thanimn
oF(t).

The explicit expression of the weak form of the collisionpeca-
tor which appears at the right-hand side of (13) is essetahalyse
the temporal evolution of the characteristics of the systekfore-
over, the weak form of the Boltzmann equation is also use@tvel
the stationary profiles of the opinion [22].

2.

3.

and it is the analogous of the average velocity of each spateegas
mixture in (7). Given the average opinions of all classeis,pbssible
to compute the global average opinion of the system attime

1 M
u(t) = ol ; nes(t)us(t). (17)

Finally, the standard deviation of the opinion relative teats of
classs can be computed as

ol(t) = /(v —us)? fs(v, t)dv. (18)

ns(t) J;
Observe thatr2(t) is related to the temperature of each species in a
gas mixture (8). As in kinetic theory, we assume that eadhilligion
function £, (v, t) evolves according to the Boltzmann equation

Ofs
ot

M
(U7t):Zer(fS7fr) 1§8§M (19)
r=1

From (19) it is evident that the collisional operator refatto class

s corresponds to the sum of the contributio@s.(fs, f-) of the
collisions between the agents of claswith the agents of class

r € {1,..., M}. Asinthe case where agents are all equal, the study
of the weak form of the Boltzmann equation, which can be emitt
as

M

d
§ 10000 > JERTSTOI.CS

allows deriving differential equations relative to:

1. The number of agents of each class, using test fungtjoh = 1;

2. The average opinion of each class, using test funetien) = v;
and

3. The variance of the opinion of each class, correspondintpe
test functiong(v) = (v — us)?.

4 TheCollisonal Operator for Opinion Dynamics

The explicit expression of the collisional operator in thatBmann
equation strongly depends on the details of the descripifotine
effects of single interactions among agents. Hence, propero-
scopic interaction rules need to be defined to be able to el¢hie

The proposed kinetic framework can be also used to studyi-mult explicit expression of the Boltzmann equation and, her@anglyt-

agent systems where agents have different characterigéiseming
that the agents of the considered multi-agent systemsadediinto

M > 1 classeseach of which has different characteristics, it is pos-

sible to defineM functions{fs (v, t)}2L,. The number of agents of
classs at timet can be written as
ns(t) = /fs(v,t)dv 1<s< M, (14)
I

and the total number of agents is

M

n(t) =Y ns(t).

The average opinion of agents of classan be computed as

(15)

us(t) = %(t)/]fs(v,t)vdv 1<s< M, (16)

ically study opinion dynamics.

4.1 Supported Sociological Phenomena

The following is a non-exhaustive list of the most commoniclog-
ical phenomena which can be used to model how opinions change
after interactions:

e CompromiseThe tendency of agents to change their opinions to-
wards those of agents they interact with [1].

Diffusion. The process according to which the opinion of each
agent can be influenced by the social context [4].

Homophily. The tendency of individuals to communicate only
with those with similar opinions [16].

Negative InfluenceThe phenomena according to which agents
evaluate their peers on the basis of some parameters andrtlyey

interact with those with positive scores [9].



e Opinion NoiseThe phenomena according to which a random ad-from which, recalling thaty € (0, 1), it can be easily obtained that
ditive quantity leads to arbitrary opinion changes with Bipab- the variance of the opinioa?(t) exponentially tends t0 ast in-
ability [19]. creases. This shows analytically that the opinions of ahag con-

o Striving for Uniquenesslhe process that is based in the idea thatverge to the same value, which, according to (24), corredptmthe
agents may want to distinguish from peers and, therefoes; th initial average opinion. Hence, consensus is reached, rieeatent
may decide to change their opinions if too many peers share thwith other models involving only compromise [1].
same opinion [10]. Instead of considering only compromise, let us introduse dif-

sion, which is modeled as a stochastic addend in the rolgsdate

e opinions of two interacting agents. More precisely, wasider

the following rules

f
All mentioned phenomena can be accommodated in the propose[ﬁ
framework by means of specific terms in the expression of e ¢
sional operator, as detailed in various papers [3, 11-1&jorg the

wide variety of such phenomena, in this paper we focus on comp v =v+ y(w —v) +nD(|v])
mise, which is the key ingredient of almost all models of agin { r_ (26)
. hiang ) . w =w+7y(v—w)+n.D(|wl)

dynamics models, and on diffusion, which allows modelinstegns

where consensus is not reached. wheren andr. are two random variables with the same distribution
9¥(-) whose support is denoted & and D(-) is the so calledliffu-

4.2 Examples of Compromise and Diffusion sion function In this case, the explicit expression of the weak form
of the collisional operator is

For the sake of simplicity, the following discussions asseuthat o

the multi-agent system contains only one class of agemts,that _ .

all agents are equal. Similar, but more involved, results loa ob- o f) /,2 /Bzﬁ(n)ﬁ(n*)f(v)f(w) (27)

tained considering different classes of agents (see[8]g.The sim- (¢(U/) _ ¢(U)) dvdwdndr..

plest rule for changing the opinions of two interacting agémvolve
only compromise, namely the sociological phenomenon foickvh It is possible to show that the number of agents and the agenaig-

the opinions of two interacting agents get closer. Matheraby, if ion are conserved, as in the case without diffusion [12,&8hcern-

only compromise is considered, the effects of an interactimong  ing the variance of the opinion, simple algebraic manipotaof the

two agents can be modeled as weak form of the Boltzmann equation relativedv) = (v — u)?
results in the following equality

vV =v+y(w—v
{ = J(( - )) . d 2 2 2 2
W= vt -w Go30 = ~2m =i+ [ 0D (uhar. @
I

wherev’ andw’ are the post-interaction opinions of the two agents ) S
and~ is a parameter if0, 1) which quantifies compromise. Observe DUe to the second addend at the right-hand side, in this casam
that negative values of may be used, instead, to quantify the phe- Not conclude that the variance of the opinion tendsas the number
nomenon of negative influence. As shown in [14], rules (21) o of interactions increases. As a matter of fact, due to théribomion
used to derive the explicit expression of the weak form orctsie-  Of diffusion, consensus is not reached in this case and ehemin-

sional operator as ions do not converges to a single value. In order to simplifiation,
_ let us introduce the function
/I Q(f, Pdw)dv = / S @) (60— 60) dudw (22 oo.7) = f(o.1) 29)

whereg represents the probability of interaction between two tgen Wherer is a temporal variable proportional taccording to param-
It is easy to observe that if we se{v) = 1 in (22), the weak ©t€ry which appears in (26), namely
form of the collisional operator i6 and, hence, the weak form of

the Boltzmann equation is 7=t (30)
d The stationary distribution of the opinion, also known aienhary
En(t) =0, (23)  profile, can be found analytically by solving the followingcend

order differential equation [22]
which means that the number of agents in the system is cdnstan

and calledn. If we consider, instead, test functigi{v) = v, sim- A D)2 9
A9 L w— =0, 31
ple algebraic manipulations of (22) show that the weak fofrthe 2 0v? (D(Jvl)"g) + 81;((1) u)9g) (31)
collisional operator equals Then, the weak form of the Boltzmann i,
equation relative t@(v) = v is N = 02/7. (32)
iu(t) -0 (24) and o is the standard deviation of the random variabjeand ..
dt Observe that is the ratio ofo?, which is related to diffusion, and

so it can be concluded that the average opinion is constartalted 7> Which is related to compromise. Hence, values\aflose to0
u. Finally, considering test functiop(v) = (v —u)?2, the weak form cprre;pond to mogels where compromise has a stronger irtipzact
of the Boltzmann equation can be written as the following-frgler ~ diffusion (v >> o). At the opposite, if large values of are con-
differential equation sidered, the contribution of diffusion is more importararhthat of
compromise ¢ >> ). In [13] it is shown that setting
d
aﬂ?(t) = —20ny(1 — 7)o} (t) (25) D(v]) =1 — |v|
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Figure 1.

in (26) leads to the following stationary profile

o2 2(1 — wv)
0o (V) = cun(l — % EwZEETTY
9o (v) = cur(1 = o)) exp( T M)) (39)
wheretc,,» is a constant that must be set to satisfy
/goo(v) =n. (34)
1

The properties of the stationary profile in (33) differ on tasis of
the values of the parameters involved. In particas(v) can have
one or two maxima, depending on the values.and \, as shown
in [13]. In Fig. 1, some illustrative results are shown foffefient
values of\, namely: A = 1/8 (blue line); A = 1 (red line); and

35

—\=1/8

25

0.5

(b)

profile has one point of maximum, corresponding te- 0, while the
stationary profiles relative t& = 1 and\ = 8 have two points of
maximum. Fig. 2 (b) refers to the case in which the averageiopi

isu = 1/3. In this case, the stationary profiles are not symmetric.

The stationary profiles correspondingXo= 1/8 andX = 1 have
two points of maximum, while iA = 8 the stationary profile has one
point of maximum, which is positive.

As stated in the Section 1, when dealing with problems rdltde
opinion dynamics, one may be interested in deriving theiopidis-
tribution that is obtained as a consequence of given intieracules
which describe the effects of interactions among agents. ddn be
done also by simulations, even though the results may besigss
nificant than those obtained analytically, as they dependasious
factors like the duration of the simulations, the paransetesed for

A = 8 (green line). Fig. 1 (a) refers to the case in which the awerag the simulations, and the numerical stability of the simiokaprocess.
opinion isu = 0. In this case, the stationary profiles are symmetric/At the opposite, one may be interested in finding interactidas

functions and, regardless of the value)gfthey have two points of
maximum. Fig. 1 (b), instead, refers to the case in which tleeae

leading to a desired distribution of opinion, which can espond to
collective agreement or to other profiles. Analytic apphescmay

opinion isu = 1/3, and in this case, the stationary profiles are notPe useful to address also these problems because the petfieg s
symmetric. IfA = 1/8, the stationary profile has only one point of the parameters involved in the model can be used as a m&ihod

of maximum, which is positive. In the remaining cases, ngmafh ~ °btain the desired stationary profiles.

A = land\ = 8 the stationary profiles have two points of maximum

and the value of the positive maximum is far larger than tiiahe
negative one. Instead, if we consider the diffusion furrctio

D(jo]) =1~ ?
in (26), it is possible to show that the stationary profile tresfol-
lowing explicit expression [12]

u
—2-3%.

oo (V) =cua(1+v) T35 (1 —v)

uv — 1
FPANT = ?)

(35)

5 Conclusionsand Future Work

In this paper, we discussed a class of models to study thedgaaf
opinion in multi-agent systems using an analytic framewnsipired
by kinetic theory of gas mixtures, a branch of physics whicitigs
the macroscopic properties of gases starting from the sisady mi-

croscopic collisions among molecules. We remark that thiskvis

only inspired by kinetic theory because, even if the geregproach
of kinetic theory was adopted, the resulting framework isssan-
tially different from kinetic theory. Such a difference ginates from
the adoption of different forms of interactions, and onlysibare-
sults of kinetic theory remain valid in the proposed framedwafter

where, once agaim,,,» must be set to satisfy (34). In this case, the a short introduction on kinetic theory of gas mixtures, wevsaéd

stationary profile may have one, two, or three maxima, deipgrah

the values ofx and \, as shown in [12]. In Fig. 2, some illustrative

results are shown for different values bfnamely:\ = 1/8 (blue

line); A = 1 (red line); and\ = & (green line). Fig. 2 (a) refers to
the case in which the average opinionuis= 0. In this case, the sta-
tionary profiles are symmetric functions.Xf= 1/8, the stationary

how to reinterpret the laws of physics in the field of opinigmam-
ics. In particular, we showed how to use the Boltzmann eqoat
study macroscopic properties of a multi-agent system amtbtive
the asymptotic profile of the distribution of opinion. Filyalafter
a brief description of various sociological phenomena lved in
opinion dynamics, we showed the explicit expressions oftaton-
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Figure2. The stationary profiles in (35) are shown for= 1/8 (blue line),\ = 1 (red line), and\ = 8 (green line) and for: (a = 0; (b) u = 1/3.

ary profiles obtained considering two of such phenomena fdtim

agent systems where all agents are equal. We showed thatyif o

compromise is considered, the average opinion remaindartrand
the variance of the opinion exponentially tend® tas the number of
interactions increases. Hence, consensus is always ckacitethe
opinion of each agent tends to the initial average opiniostead,
if diffusion is considered together with compromise, sta#iry pro-
files with different characteristics can be derived depegdin the
parameters of the model. Similar results hold for a muleragys-
tem where agents are grouped into classes on the basis dafltresv
of the parameters which characterize their propensity &mgé their
opinions [3]. Further work on this topic involves the modegliof
microscopic phenomena not yet studied using the proposedefr
work. As explained in the paper, the choice of different m$ziopic
rules to update the opinions of two interacting agents hasoac
impact on the collisional operator and, hence, on the maopis
characteristics of the systems and on stationary profilesebier,
the inclusion of locality of interactions is a significantpnovement
of the proposed framework which requires adopting a notialpa
homogeneous form of the Boltzmann equation, or introduaifaym
of distance among agents in microscopic rules.
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