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Abstract. Quaternions have found applications in various machine
learning algorithms, however these algorithms usually do not exploit
the complete available second order statistics of quaternions. To this
end, we present the so-called quaternion ‘augmented’ statistics to
show how to make use of the complete second order statistical infor-
mation available within the quaternion domain H. Next, as a case
study, the widely linear model, which operates on the quaternion
augmented statistics, is employed to enhance the performance of the
Quaternion Least Mean Square algorithm. Simulations on time series
prediction of both chaotic and non-stationary real world data support
the approach.

1 Introduction
Recently, the resurgence in quaternion signal processing has arisen
due to the advantages of quaternion algebra over real-valued quadri-
variate vector algebra in the modelling of such data. In the machine
learning community, quaternions have been employed in robotics,
neural networks for chaotic time series prediction [2], Kalman
filtering for aeronautic applications [6] and the least-mean-square
estimation for the adaptive filtering of hypercomplex processes [5].

As quaternions are considered as the four-dimensional exten-
sion of complex numbers, we investigate whether the recent
developments in so called augmented complex statistics can be ex-
tended to the quaternion domain, in order to cater for the generality
of random signals. Pioneering works in augmented complex statis-
tics have been undertaken by Neeser and Massey, who formulated
the concept of properness (rotation invariant probability distribution)
into complex-valued statistics. These researchers showed that the
covariance E{zzH} of a complex random vector z alone is not
sufficient to have a complete second order statistical description [9]
and thus the pseudocovariance E{zzT } should also be considered
to cater for improper signals. These theoretical findings have given
way to a panoply of novel algorithms in adaptive signal processing,
autoregressive moving average (ARMA) modelling, and indepen-
dent component analysis [8].

Existing techniques typically consider only the information
contained in quaternion-valued covariance [2, 6] and therefore, they
are bound not to maximise the available statistical information. This
is because quaternion-valued statistics are still their infancy [1, 11].
To shed light on quaternion statistics, Vakhania extended the concept
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of ‘properness’ to the quaternion domain, however, his definition
of Q-properness was limited to the invariance of the probability
density function (pdf) under rotations of around angle of π/2 [11].
Amblard and Le Bihan improved the conditions of Q-properness to
an arbitrary axis and angle of rotation ϕ, that is [1] q ! eνϕq ∀ ϕ,
for any pure unit quaternion ν (whose real part vanishes); symbol
! means equality in terms of pdf. These results provide an initial
insight intoQ-properness, however they are applicable to only single
quaternion variables and furthermore, it is not straightforward to
apply them to quaternion-valued processes.

To that end, this work presents a generic framework for sec-
ond order statistical analysis of the generality of quaternion-valued
random variables and vectors, both second order circular and noncir-
cular [4]. It is shown that in order to take advantage of the complete
second order information, it is crucial to consider complementary
covariance matrices, thus accounting for a possible improperness
of quaternion processes. The advantages of the technique presented
herein are likely to be similar to the benefits of the augmented statis-
tics for noncircular complex-valued data [8]. Our analysis illustrates
that the basis for augmented quaternion statistics should include
quaternion involutions, and that all the necessary second order statis-
tical information are within the so introduced augmented covariance
matrix. As a proof of concept of the augmented quaternion statistics,
we formulate the widely linear model in H to incorporate such
statistics and illustrate its advantages, such as enhanced performance
and improved convergence and steady state properties of the learning
algorithms [3]. The theoretical findings presented herein are likely
to benefit the next generation evolutionary learning algorithms.

2 Properties of Quaternion Random Vectors
2.1 Quaternion Algebra
The quaternion domain can be considered as a non-commutative
four-dimensional extension of complex numbers. A quaternion vari-
able q ∈ H consists of a real part #{·} (denoted by subscript a)
and a vector-part ${·} of three imaginary components (denoted by
subscripts b, c, and d), and can be expressed as:

q = #{q} + ı$i{q} + $j{q} + κ$k{q}
= qa + ıqb + qc + κqd ∈ H (1)

The quaternion conjugate is defined as

q∗ = #{q} − ${q}
= qa − ıqb − qc − κqd (2)
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The orthogonal unit vectors ı, , κ also considered as imaginary
numbers, obey the following product rules

ı = κ κ = ı κı = 

ıκ = ı2 = 2 = κ2 = − 1 (3)

Another important algebraic manipulation is the quaternion product,
given as

q1q2 = #{q1q2} + ${q1q2} (4)

where

Re{q1q2} = q1,aq2,a + q1,bq2,b + q1,cq2,c + q1,dq2,d

${q1q2} = q1,a${q2} + q2,a${q1} + ${q1} × ${q2}

where the symbol “×” denotes the cross product; Notice the quater-
nion product inherits the non-commutativity property of the cross
product.

2.2 Quaternion Involutions and the Augmented
Basis Vector

It is well-known that the real and imaginary part of a complex
number z = za + ızb to be extracted as za = 1

2 (z + z∗) and
zb = 1

2ı (z − z∗). We therefore need to employ both z and z∗ to
describe the elements of the corresponding signal in R2 and they
are used as a basis for the augmented complex statistics, where the
‘augmented’ basis vector is given by [z z∗]T . On the other hand, the
quaternion domain does not allow such convenient operation and the
correspondence between the elements of a quaternion valued vari-
able in H and those of a quadrivariate vector in R4 is not clear. To
circumvent this issue, we can utilise the three perpendicular quater-
nion involutions (self-inverse mappings), given by

qı = −ıqı = qa + ıqb − qc − κqd

q = −q = qa − ıqb + qc − κqd

qκ = −κqκ = qa − ıqb − qc + κqd (5)

Based on (5), we can compute the four components of the quaternion
variable q as [7]

qa =
1
2
(q + q∗) qb =

1
2ı

(q − qı∗)

qc =
1
2

(q − q∗) qd =
1
2κ

(q − qκ∗) (6)

Observe that the quaternion conjugate operation (·)∗ is also an invo-
lution, and can be expressed as

q∗ =
1
2
(qı + q + qκ − q) (7)

Prior to the introduction of quaternion ‘augmented’ statistics, we first
demonstrate the duality between the augmented quaternion vector
qa ∈ H4N×1 and the quadrivariate real valued vectors in R4N×1. To
ensure that the augmented statistics in H are suitable for the descrip-
tion of both second order circular and noncircular signals, following
on (see pp. 118-119 [10]), we provide a one-to-one correspondence
between the components of a quaternion variable and its quadrivari-
ate real counterpart. For convenience, we shall utilise a combination2

2 Any four of {q, q∗, qı, q, qκ} or their conjugates can be used with the
same effect.

of {q, q∗, qı, q, qκ}, and thus define the augmented quaternion
vector qa = [qT qıT qT qκT ]T as

qa = Aqr
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(8)

where I ∈ RN×N is the identity matrix, and q = [q1 q2 · · · qN ]T ∈
HN×1; similarly for qı, q, qκ ∈ HN×1, and qa, qb, qc and
qd ∈ RN×1. The invertible 4N × 4N matrix A provides a
mapping between the augmented quaternion valued signal qa ∈
H4N×1 and the quadrivariate ‘composite’ real valued vector qr =
[qT

a qT
b qT

c qT
d ]T ∈ R4N×1, and its inverse is given by

A−1 =
1
4
AH (9)

and in the sequel, qr = 1
4A

Hqa. The determinant of A can be
readily calculated as a product of its singular values, and so e.g. for
N = 1, det(A) = 16. For any arbitrary N , the determinant of A
thus becomes

det(A) = 16N (10)
The basis {q, qı, q, qκ} in (8) has been chosen to make the matrix
A unitary, thus facilitating its algebraic manipulation.

3 Quaternion Statistics
3.1 Preliminaries
Given that the mapping between quadrivariate real-valued vectors
and their quaternion counterparts has now been established, we pro-
ceed on presenting the quaternion augmented statistics. In the sim-
plest case, the elementary covariance matrix Cqq of a quaternion ran-
dom vector q = [q1 · · · qN ]T is given by

Cqq = E{qqH} (11)

The real and imaginary parts of Cqq are linear functions of the real-
valued covariance and cross-covariance matrices of the component
vectors qa, qb, qc and qd ∈ RN×1.
Based on (6) and (8), the real-valued componentwise correlation

matrices of the components qa, qb, qc and qd cannot be calculated
from the quaternion-valued covariance matrix Cq alone. Hence, sec-
ond order information within the quaternion-valued vector q cannot
be described fully by the covariance matrix, and we thus have to in-
troduce complementary correlation matrices: the ı-covariance Cqı,
the -covariance Cq, and the κ-covariance Cqκ. They complement
the information within the covariance, and are given by

Cqı = E{qqıH}
Cq = E{qqH}
Cqκ = E{qqκH} (12)

All the components of the ı-covariance Cqı are symmetric, except
for the ı-component $ı{Cqı} which has a skew-symmetric structure,
giving rise to its ı-Hermitian property. Similarly, the -covariance
Cq and the κ-covariance Cqκ are respectively -Hermitian and κ-
Hermitian, meaning that

Cqı = CıH
qı

Cq = CH
q

Cqκ = CκH
qκ (13)
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These properties are unique to the quaternion domain H, since they
do not arise in the statistics of complex valued random variables [8].

3.2 Duality between quaternionic and
quadrivariate statistics

In order to recover the real-valued covariance matrices of the real
part za and the imaginary part zb from the complex domain, both the
complex-valued covariance Cz = E{zzH} and the pseudocovari-
ance Pz = E{zzT } should be employed as follows

Cza =
1
2
#{Cz + Pz} Czazb =

1
2
$ı{Pz − Cz}

Czb =
1
2
#{Cz − Pz} Czbza = CT

zazb

Similarly, we can capture the complete second order statistical de-
scription in H, provided that the quadrivariate real-valued correla-
tion matrices of each single component qa, qb, qc and qd of the
quaternion random vector q are functions of the quaternion-valued
covariance and the complementary covariance matrices as

Cqa =
1
4
#{Cqq + Cqı + Cq + Cqκ}

Cqb =
1
4
#{Cqq + Cqı − Cq − Cqκ}

Cqc =
1
4
#{Cqq − Cqı + Cq − Cqκ}

Cqd =
1
4
#{Cqq − Cqı − Cq + Cqκ}

Cqbqa =
1
4
$ı{Cqq + Cqı + Cq + Cqκ}

Cqcqa =
1
4
${Cqq + Cqı + Cq + Cqκ}

Cqdqa =
1
4
$κ{Cqq + Cqı + Cq + Cqκ}

Cqcqb =
1
4
$κ{Cqq + Cqı − Cq − Cqκ}

Cqdqb = −1
4
${Cqq + Cqı − Cq − Cqκ}

Cqdqc =
1
4
$ı{Cqq − Cqı + Cq − Cqκ} (14)

The augmented quaternion-valued covariance matrix of an aug-
mented random vector qa = [qT qıT qT qκT ]T

(

see also (8)
)

,
is therefore defined as

Ca
q = E{qaqaH} =









Cqq Cqı Cq Cqκ

CH
qı Cqıqı Cqıq Cqıqκ

CH
q Cqqı Cqq Cqqκ

CH
qκ Cqκqı Cqκq Cqκqκ









(15)

where the submatrices in (15) are computed according to

Cδ = E{qδH} Cαβ = E{αβH}
δ ∈ {qı,q,qκ} α, β ∈ {q,qı,q,qκ}

To assess whether the augmented covariance matrix in (15) provides
a complete second order statistical description, we need to demon-
strate that it allows a static invertible one-to-one mapping with the
corresponding real valued quadrivariate covariance matrix CR, given
by

CR = E{qrqrT } =









Cqa Cqaqb Cqaqc Cqaqd

Cqbqa Cqb Cqbqc Cqbqd

Cqcqa Cqcqb Cqc Cqcqd

Cqdqa Cqdqb Cqdqc Cqd









(16)

Based on the mapping between the augmented quaternion-valued
vector qa and the corresponding real valued ‘composite’ vector qr

in (8), and that qr = A−1qa = 1
4A

Hqa, the real valued covariance
matrix can be calculated as

CR = A−1Ca
qA

−H

=
1
16

AHCa
qA (17)

whereA−H =
(

A−1
)H . This completes the augmented quaternion

statistics, which is suitable for the description of both proper and
improper quaternion random processes.

3.3 Case Study: The Quaternion Widely Linear
Model

To exploit the complete second order statistics of quaternion valued
signals in linear mean-squared error (MSE) estimation, we need to
consider a filtering model similar to the widely linear model devel-
oped for the complex case [8]. Based on (8) and (15), it is the aug-
mented random vector xa = [xT xıT xT xκT ]T that contains all
the required second order statistical information. Then, the quater-
nion widely linear model (QWL) can be constructed as

y = waHxa = gHx + hHxı + uHx + vHxκ (18)

Based on this model, it can be shown that the Quaternion LMS
(QLMS) algorithm [5] becomes the widely linear Quaternion LMS
(WL-QLMS), whose update is given by [3]

wa(n + 1) = wa(n) + µ[2xae∗(n) − e(n)xa∗] (19)

We now proceed on illustrating the advantages of considering the
augmented statistics in the next simulation section.

4 Simulations
Three sets of simulations were conducted in a chaotic time-series
prediction setting in order to demonstrate the benefits of consider-
ing the augmented statistics within quaternion-valued algorithms. As
an example, the widely linear Quaternion LMS (19) which operates
based on augmented statistics was assessed against the quaternion
LMS [5] to predict the one-step ahead chaotic signals and nonsta-
tionary wind signals. algorithms. Benchmark dataset used were the
three-dimensional (3D) Lorenz attractor and the chaotic four dimen-
sional (4D) Saito’s signal [2], and a real-world 3D wind field fused
with air temperature to form a four dimensional quaternion signal.
The performance index was the prediction gain Rp = 10 log

σ2
x

σ2
e
,

where σ2
x and σ2

e denote respectively the estimated variances of the
input and error.

4.1 Simulation 1: Three-dimensional Chaotic
Lorenz Attractor

The Lorenz attractor is a three-dimensional nonlinear system used
originally to model atmospheric turbulence, but also to model lasers,
dynamos, and the motion of waterwheel (For more details, see p.
95 [2]). The Lorenz attractor, shown in the left plot of Fig. 2, can
be regarded as as a pure quaternion, and is used as a benchmark sig-
nal to test the performance of the QLMS algorithms. Fig. 1 shows
the estimates of the Quaternion LMS and its widely linear counter-
part, and the prediction gains measured were 30.45 dB and 32.70 dB
respectively, confirming the advantage of the augmented statistics.
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Figure 1. Prediction estimates of QLMS (dotted lines) and WL-QLMS (dashed lines) algorithms on the 3D Lorenz chaotic signal.

4.2 Simulation 2: Four-Dimensional Chaotic
Saito’s Process

A benchmark chaotic system (shown in left plot of Fig. 2) considered
was the 4D Saito’s circuit. For more details, see pp. 87-88 [2]. The
right plots of Fig. 2 indicates that the widely linear Quaternion LMS
(Rp =27.48 dB) outperformed the Quaternion LMS (Rp = 24.74
dB).

4.3 Simulation 3: Wind Forecasting

To illustrate the advantage of the augmented statistics on a nonsta-
tionary real-world data, a 3D wind wind field (North-South, East-
West and Vertical wind speed directions) was used3, together with air
temperature measurements were considered in a quaternion-valued
wind forecasting setting. It is clear from Fig. 3 that the augmented
statistics provided enhanced performance, due to the superiority of
the widely linear Quaternion LMS over Quaternion LMS. The pre-
diction gains (RpWL-QLMS = 37.36 dB and Rp QLMS = 32.10 dB)
confirmed the observation.

5 Conclusion

Second order statistics for general quaternion-valued random vari-
ables and processes have been revisited. To make use of complete
information within quaternion-valued second order statistics, com-
plementary statistical covariances, the ı-covariance, the -covariance,
and the κ-covariance matrices have been employed. As a case study,
we have demonstrated the superiority of the WL-QLMS over QLMS
on both synthetic and real world signals, thus supporting the analysis.

3 The wind data were recorded by Prof. Kazuyuki Aihara and his team at the
University of Tokyo, in an urban environment. The wind data was initially
sampled at 50 Hz, but re-sampled at 5 Hz for simulation purposes.
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Figure 2. Prediction estimates of QLMS (dotted lines) and WL-QLMS (dashed lines) algorithms on the 4D Saito’s signal.
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Figure 3. Prediction estimates of QLMS (dotted lines) and WL-QLMS (dashed lines) algorithms on 3D wind field fused with air temperature.
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ABSTRACT 
This paper describes the use of a genetic algorithm to 
find the link weights of an Artificial Neural Network 
used to control an industrial conveyor system, and 
further proposes a control strategy to allow continual 
adaptation of the system to changing circumstances 
thus maintaining the optimization of the system. 
Results indicate feasibility of this approach, and that 
performance of the ANN can be as good as 
conventional systematic controls 
 

Key words 
artificial neural networks, evolutionary computation, 
machine learning, genetic algorithm, self-adapting 
controls 
 

1. INTRODUCTION 
Artificial neural networks (ANNs), and genetic 
algorithms (GAs), are both well known and widely 
used in artificial intelligence fields, including their use 
in controls applications.  
 
ANNs are useful for pattern recognition, and 
generalizing patterns in complex multi-dimensional 
space. GAs are useful for searching widely in large 
solution spaces. 
 
The problem with ANNs, is finding the weights of the 
links. Various methods have been tried, the most 
widely known being back-propagation, which is 
essentially an error minimization (hill climbing) 
algorithm. However, there is a key limitation of this 
approach: it requires a set of training data which is 
already classified (in order to present an input pattern 
with a required output). 
In an industrial context, conventional control systems 
are often set-up once achieving a reasonable level of 
performance (not necessarily optimal), and then left 
forever. However circumstances change, and in the 
context described here the mix of work coming 
through the system will drift causing a gradual fall-off 
in performance. Therefore it was considered that an 
learning system which could constantly adapt to the 
circumstances would be beneficial. 
 

This paper explores the use of a hybrid system for 
controlling an industrial conveyor system. A single 
ANN is used as a black-box decision maker about the 
next operation to be executed, and a GA is used to find 
the link weights of a population of ANNs. 
 

2. NEURAL NETWORKS 
Neural Networks were first developed by McCulloch 
& Pitts, inspired by biological neural systems. The 
idea that of computing using a large number of 
relatively simple units working in parallel as opposed 
to the conventional paradigm of sequential computing 
is intuitively attractive. 
 
There is also proof that in theory at least, a 2 layer 
network is able to implement any measurable function 
to an arbitrary degree of accuracy. This important 
result was first established by Kolmogorov (the 
Kolmogorov existence theorem is actually not very 
useful in practice, because of the unknown nature of 
the functions used by each unit) and then in a manner 
more directly relevant to ANN development by 
Hornik et al. [1]. Although these results show that a 2 
layer (i.e. 1 hidden layer) network could in theory 
implement any function, in practice it may be the case 
that a more efficient implementation could be found 
by using more layers.  
 
There are many forms of ANNs. In this experiment the 
a fairly simple feed-forward network was used with 3 
processing layers. This network comprises layers of 
individual units fully interconnected to the next layer, 
each unit implementing a non-linear sigmoid function 
of a weighted sum of all the inputs 
 
Traditionally the weights associated with the links 
between each neuron are found by a back-propagation 
algorithm, which is essentially an error minimization 
(hill climbing) algorithm. Whilst this is undoubtedly 
effective, it assumes that there is a Training Set of pre-
classified data samples which can be used to train the 
network (set the weights) and then a separate testing 
set. This is known as Supervised learning. [2] 
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