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Abstract—The problem with real data is often that noise and
forms of randomness are involved. This causes a specific problem
for evolving systems. They must be able to distinguish between
changes according to noise and changes of the underlying data
generating process or its parameters. In the worst case, an
evolving system might just try to track the noise in the data
and is unable to learn the actual relationship inherent in the
data. But how can we make sure that this will not be the case
for a given evolving system? We propose some simple benchmark
tests in our paper that can give an idea of how much an evolving
system might be misled by noise.

I. INTRODUCTION
Evolving systems are designed to cope with streaming data.

There are two important aspects that are usually considered
for evolving systems. It is required that the evolving system
can react in real time so that efficient computations – usually
recursive ones – are needed without analyzing the whole data
that have been collected so far again. The second aspect is the
change of the underlying process that generates the data, so
that the evolving system must adapt itself on-line.
The problem with real data is often that noise and forms of

randomness are involved. This causes a specific problem for
evolving systems. They must be able to distinguish between
changes according to noise and changes of the underlying data
generating process or its parameters.
Statisticians categorize models that do not make explicit

assumptions about the data generating process as exploratory
data analysis techniques. Such methods, like decision or re-
gression trees, neural networks or support vector machines are
very successful in classification and regression tasks, but there
is a need to evaluate the performance of such models, since
they cannot be analyzed in the classical statistical sense where
the underlying assumptions about the data generating process

must be made explicit. A very common way to evaluate the
performance of such models are methods that divide the data
into training and test data like, for instance 10-fold cross-
validation. The training data are used to construct the model
and the performance is evaluated based on the test data.
For evolving systems, the partition into training and test data

is more complicated. We cannot simply take out some data for
testing, since the data generating process is assumed to change
and the evolving system is intended to track these changes.
What could be done is to take out single data records of a time
series and see how the evolving system performs with respect
to this records. However, to be representative, we would need a
much larger test data set due to the fact that the data generating
process changes and the test data must reflect situations with
changes and without changes accordingly. Even then it is not
clear how to judge the performance of an evolving system. A
large error can be due to overfitting – i.e. erroneously tracking
the noise in the data – or because there is so much noise in the
data that the performance cannot be better. A rough indication
of how much an evolving system tries to track the noise, is the
difference between the error on the training and the test data.
However, if an evolving system has already a bad performance
on the training data, the performance on the test data cannot
be much worse and one might assume that the error comes
from the noise in the data.
In this paper, we propose to set up simple theoretical models

for the data generating process for which we can give at
least a rough answer to the question, how well a model
that takes assumptions on the data generating process into
account could perform. We can then compare how much worse
the evolving system performs. Of course, we cannot expect
the evolving system to have a similar performance, since it
is not allowed to make specific assumptions about the data
generating process. But this comparison will give us an idea,
how much an evolving system can deviate from an optimal
model and whether a simpler model that would not track the
noise might not have a better performance.
We consider simple prediction tasks like classification and

regression in this paper. Evolving system have been proposed
for such problems for instance in [1], [2], [4], [5], [6].
In section II we carry out a theoretical analysis between an

extremely simplified evolving system based on a windowing
technique and a model tailored to the known assumptions
of the data generating process. This can be considered as a
regression problem with the identity function as the regression
function.
Section III introduces a simple switching model which can

be interpreted as a regression or a classification problem.
Here we carry out an experimental comparison between a
maximum likelihood estimator exploiting the assumptions on
the underlying data generating process and an evolving system
without specific assumptions on the data generating process.
We conclude our paper with remarks on more complicated

prediction tasks.

II. RANDOM WALK

A very simple example for systems with a random change
over time is one dimensional random walks [7]. A random
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walk (Xt)t∈IN is obtained by adding up values from inde-
pendent and identically-distributed (i.i.d.) random variables
Yi with expected value zero, i.e. E(Yi) = 0 and variance
σ2 = V ar(Yi) = V ar(Y ).

Xt =
t

∑

i=1

Yi (1)

The expected value for the random walk is

E (Xt) = E

(

t
∑

i=1

Yi

)

=
t

∑

i=1

E(Yi) = 0 (2)

independent of t, whereas the variance of random walk in-
creases linearly with t.

V ar (Xt) = V ar

(

t
∑

i=1

Yi

)

= t · V ar (Y ) . (3)

The covariance of a random walk is given by

Cov (Xt, Xs) = s · V ar (Y ) , (s < t) (4)

and tends to infinity as well with increasing difference between
the time points t and s.
The best prediction that one can do for a random walk is the

naı̈ve approach, simply using the last value is a prediction for
the next value. x̂t+1 = xt. Therefore, the difference between
the true value and the predicted value is Xt+1 − Xt = Yt+1.
Thus, the expected quadratic error is

E
(

(Xt+1 − Xt)
2
)

= E
(

(Yt+1)
2
)

= V ar(Y ). (5)

Now assume, we do not know that we deal with a random
walk and try an extremely simple “evolving system” using
a windowing technique with a window size of T , using the
mean of the last T values as a prediction for the next value.
The expected quadratic error for the prediction can then be
computed as follows, where t0 = t− T + 1 is the start of the
window:

E

(

(

Xt+1 −
1

T

∑t

i=t0
Xi

)2
)

=

E

(

X2
t+1 −

2

T

∑t

i=t0
Xi · Xt+1 + 1

T2

(

∑t

i=t0
Xi

)2
)

=

E
(

X2
t+1

)

−
2

T

∑t
i=t0

E (Xi · Xt+1) + 1

T2 E

(

(

∑t
i=t0

Xi

)2
)

=

V ar (Xt+1) − 2

T

∑t
i=t0

Cov (Xi, Xt+1) +

1

T2 E
(

∑t
i=t0

X2
i + 2

∑t
i=t0+1

∑i−1

j=t0
Xi · Xj

)

=

V ar (Xt+1) − 2

T

∑t
i=t0

Cov (Xi, Xt+1) +

1

T2

(

∑t
i=t0

V ar(Xi) + 2
∑t

i=t0+1

∑i−1

j=t0
Cov(Xi, Xj)

)

=

(t + 1) · V ar (Y ) − 2

T

∑t

i=t0
i · V ar (Y ) +

1

T2

(

∑t

i=t0
i · V ar(Y ) + 2

∑t

i=t0+1

∑i−1

j=t0
j · V ar(Y )

)

=

V ar (Y )
(

t + 1 −
2

T

∑t
i=t0

i + 1

T2

∑t
i=t0

i + 2
∑t

i=t0+1

∑i−1

j=t0
j
)

=

(2t − 2t0 + 3) (t − t0 + 2)

6 (t − t0 + 1)
V ar(Y ) (6)

It is easy to show that (6) has its minimum at t0 = t, i.e.
for a window of size one, where we simply use the last value
as a prediction for the next value. The worst case is to use
all values, i.e. t0 = 0. In this case, the expected quadratic
error tends to infinity with increasing t. Figure 1 shows(6) as
a function in t for t0 = 0 and V ar(Y ) = 1. In this case, t
can be interpreted as the window size. The expected quadratic
error increases with O(T ) in terms of the window size T .

Fig. 1. The expected quadratic error for a random walk prediction depending
on the window size.

One might criticize that the mean over a window is a much
too simple prediction. But actually, any more complicated
function will tend to make the expected quadratic error even
worse.
The next example is a random walk to which we add noise

in the form of a random variable Z with E(Z) = 0.

Xt =
t

∑

i=1

Yi + Zt (7)

where the Yi are i.i.d. as Y and the Zt are i.i.d. as Z . We
assume also that the random variables Yi and Zj are all
independent. Since E (Y ) = 0 and E (Z) = 0 holds, we have
again E (Xt) = 0.
As in the previous example of the random walk without

noise, the best prediction for the next value we can choose is
the previous value: x̂t+1 = xt. The difference between the true
and the predicted value is thenXt+1−Xt = Yt+1+Zt+1−Zt.
The variance and covariance of a random walk with noise

are
V ar (Xt) = t · V ar (Y ) + V ar (Z) (8)

and
Cov (Xt, Xs) = s · V ar (Y ) , (s < t), (9)

respectively.
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The expected quadratic error can be computed as follows:

E
(

(Xt+1 − Xt)
2
)

= E
(

(Yt+1 + Zt+1 − Zt)
2
)

= V ar (Y ) + 2V ar (Z) (10)

Based on (8) and (9) we can calculate the expected quadratic
error for the prediction based on a windowing technique.

E

(

(

Xt+1 −
1

T

∑t
i=t0

Xi

)2
)

=

E

(

X2
t+1 −

2

T

∑t

i=t0
Xi · Xt+1 + 1

T2

(

∑t

i=t0
Xi

)2
)

=

E
(

X2
t+1

)

−
2

T

∑t

i=t0
E (Xi · Xt+1) + 1

T2 E

(

(

∑t

i=t0
Xi

)2
)

=

(2t − 2t0 + 3) (t − t0 + 2)

6 (t − t0 + 1)
V ar(Y ) + 2 (t − t0 + 1)V ar (Z)

(11)
As before, this function has its minimum at t0 = t (window

size T = 1) and is largest for the highest window size. The
expected quadratic error is also increasing in O(T ).

III. SWITCH MODEL

The two random walk examples described in the previous
section can be understood as data generating models that
change continuously, representing very simple examples for
shift. In this section, we discuss an example for a switching
model with sudden jumps in the change of the data generating
process. To keep the model as simple as possible, we consider
a data generating process that switches between two normal
distributions with the same variance σ2, but one with expected
value µ1 = 0 and the other with expected value µ2 = 1. The
probability to switch from one normal distribution to the other
is p in each step and the probability to stay with the same
normal distribution is (1−p). The random switching between
the two normal distributions is carried out independently in
each time step. This model for the data generating process is
illustrated as an automaton with two states in figure 2.

!"#$ %
!! !"&$ %

!!

"

"
""&

""&

Fig. 2. A switching model.

Depending on the switching probability p, we can distin-
guish three cases.

• p ≈ 1
2
The data are generated randomly from any of the

two normal distributions in each step of the process. It
is impossible to make a prediction from which normal
distribution the next value will be drawn based on
previous data.

• p # 1
2
There is tendency to permanently switch from

one normal distribution to the other in each step.

• p $ 1
2
The data generating process tends to stay with the

same normal distribution in each step and switches only
once in a while.

The first case is does not really represent a switching model.
It can be understood as drawing independent random samples
from a mixture of the two normal distributions. The second
case is less interesting from the practical point of view. We
normally assume that normally the model will not stay stable
and changes happen only once in a while. Therefore, we only
consider the last case. There it is interesting to consider the
relation between p and σ2. Small values for p, i.e. changing
from one normal distribution to the other rarely happens,
and small values for σ2, i.e. we distinguish between values
from the one or the other normal distribution with a higher
probability, make the predictions much easier.
Assuming that we know that our data generating process

is as described above, we can try to predict the next value
based on a maximum likelihood estimation. We can compute
the two likelihoods that the previous value was generated by
the normal distribution with expected value µ1 = 0 and that it
comes from the normal distribution with expected value µ2 =
1. We can then use as a simplified prediction, the mean value
of the normal distribution with the higher likelihood.
Given a sequence of values x1, x2, . . . , xm and a sequence

of states µi1 , µi2 , . . . , µim
where µij

∈ {0, 1} in the automa-
ton in figure 2, the likelihood for this sequence of states or
paths is

m
∏

i=j

f(xj |µij
) · qj−1 (12)

where f(x|µ) is the probability density function of the normal
distribution with expected value µ and variance σ2 and

qj−1 =

{

(1 − p) if µij
= µij−1

,
p otherwise. (13)

q0 is the probability for the initial state µi1 .
The likelihood for a sequence x1, x2, . . . , xm is then com-

puted as the sum of the likelihoods over all paths.

P (µ = c|x1, . . . , xm) =
∑

paths

P (path) (14)

The corresponding path trees for the likelihood computa-
tions are shown in figures 3 and 4 for the state corresponding to
the normal distribution N

(

0, σ2
)

and the normal distribution
N

(

1, σ2
)

, respectively.
It is, of course impossible, to compute the exact likelihood

as the sum over all possible paths for larger m, since there
are 2m possible paths. Therefore, we restrict the likelihood
computation to the last k states, so that the likelihoods are
actually computed “backwards” along the paths. In this way,
we also do not require the probabilities for the initial states.
The error for the differences in the two likelihoods will
be quite small with this procedure, since the conditional
likelihood for the two states k steps backwards given the final

Proceedings of the International Symposium on Evolving Intelligent Systems, Plamen Angelov, Dimitar Filev, and Nikola Kasabov  (Eds.), 
at the AISB 2010 convention, 29 March – 1 April 2010, De Montfort University, Leicester, UK

32



4

parameters Maximum likelihood estimation TS Evolving Fuzzy Models
σ = 0.5 , p = 0.25 0.6390 0.7116
σ = 1.0 , p = 0.1 1.2792 2.1124
σ = 1.5 , p = 0.2 2.6678 3.7769
σ = 2.0 , p = 0.1 4.3743 6.1057
σ = 3.0 , p = 0.001 9.1785 12.3010
σ = 6.0 , p = 0.001 35.7901 50.3640

TABLE I
MSE
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Fig. 3. Likelihood function for the state 1
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Fig. 4. Likelihood function for the state 2

state will be more or less independent of the final state for
larger k according to the theory of Markov chains.
Table I shows a comparison of the described maximum

likelihood estimation where we have chosen k = 7 with
the Takagi Sugeno evolving fuzzy model decribed in [6]. In
the case of the maximum likelihood estimation we simply
predict the expected value of the normal distribution with the
higher likelihood. This prediction could even be improved by
choosing a weighted mean between the two expected values.
If we knew from which normal distribution the last value

had been sampled, we could base our prediction on the
knowledge that we sample from a mixture of two normal
distributions. In this case, the expected quadratic error would
be σ2 + p− p2. From table I we can see that for small values
p, the mean square error of the maximum likelihood-based
estimations is very close to theoretical lowest mean square
error whereas the evolving system has a much larger error.

IV. CONCLUSIONS
We strongly argue in favour to also use benchmarks for

evolving systems that are based on well-defined stochastic data
generating processes. If only real world data are considered for
benchmarks, it is not clear at all, how close an evolving system
comes to the unknown best solution. With our simple stochas-
tic models, we can explicitly provide or at least estimate the

best solution that can be achieved from a theoretical point of
view, so that we have a clear measure, how close the evolving
system can come to the best solution.
Of course, our comparisons are “unfair”, in the sense that we

compare techniques from evolving systems, that do not make
any specific assumptions about the data generating process,
with estimators tailored to the specific problem. The assump-
tion that we know the data generating process in principle
and just need to estimate the parameters is unrealistic. Our
intention is to give an impression of how much the evolving
systems are biased to track the noise or randomness in the data
generating process instead of learning the actual dependencies
in the data.
Our examples were all restricted to the prediction of the next

value. In terms of learning a function, the function was the
identity function in the case of the random walks and binary
function – providing only two possible outputs – in the case of
the switching model. To make the situation more complicated,
we could replace the identity function or the binary output by
another function. We could also consider a number of our
models in parallel to have multiple inputs and aggregate them
by a simple function for the output.
We can also use more complicated models for the data

generating process. But we should keep in mind that we need
to have an idea, how well an optimized model could predict
in order to have a comparison with the evolving system.
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