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Abstract—This paper proposes a Structure Evolved Learning
Method (SELM) for Mamdani Fuzzy Systems. The mechanism
of the algorithm is that it is an error-reducing driven learning
method. Beginning with a simplest fuzzy system, the algorithm
develops the system structure by adding more fuzzy terms and
rules to reduce the model errors in a ‘greedy’ way. The main
features of the proposed algorithm are that, firstly, it can
automatically determines and controls the number and location
of fuzzy terms needed by following the error-reducing driven
evolving process to achieve the desired accuracy; secondly, it
adds new fuzzy terms and rules by evenly distributing error to
each sub-region aiming at an efficient set of fuzzy rules, thirdly,
it uses triangular membership functions with the regular
partitions and Mamdani fuzzy systems and leads to identified
fuzzy system models with good transparency and
interpretability. Two benchmark examples are given to
illustrate the advantages of the proposed algorithm.
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I. INTRODUCTION

Since the invention of fuzzy sets and fuzzy systems by
Zadeh four decades ago, fuzzy systems have been
successfully applied in different areas. There are several
fundamental reasons for the achievements of fuzzy systems
[1]-[7]: firstly, fuzzy systems can be identified by combining
human knowledge and learning from data; secondly, the
transparency and interpretability of fuzzy rules and systems
make them easy to understand, use and judge in applications,
thirdly, fuzzy systems are universal approximators which can
approximate any continuous nonlinear function to any degree
of accuracy and therefore are applicable to be used to solve
general complex and nonlinear problems.

In traditional fuzzy systems, fuzzy terms are defined by a
global grid-based partition. There are three drawbacks by this
global grid-based definition. Firstly, a global grid-based
partition inherently suffers the exponential growth of fuzzy
rules and parameters corresponding to the number of input
variables; Secondly not all the fuzzy terms obtained by a
global grid-based partition on each input variable are
effective; Thirdly, this fixed definition of global grid-based
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partition makes the whole fuzzy systems unintelligent and

inflexible.

To overcome these weaknesses, various different methods
have been developed. Adaptive fuzzy or neuro-fuzzy method
has become one of the most important approaches in this
aspect [8]-[37]. In particular, eTS, DENFIS, SOFNN, and
SAFIS have been proposed by Angelov[10]-[11], ,Kasabov
[12], Leng and al [13]-[14], and Rung and al [15]
respectively. These methods have been proved having the
capability to automatically identify the structure and
parameters of complex nonlinear systems with good
numerical accuracy.

Motivated by the weaknesses in traditional fuzzy systems,
this paper proposes a Structure Evolved Learning Method for
(SELM) fuzzy systems identification. SELM starts with a
simplest fuzzy system with two fuzzy terms for each input
variable and develops the structure of the fuzzy system by
increasing fuzzy terms and rules on the selected input
variable in the selected sub-region step by step. Different
from the existing methods such as eTS, DENFIS, SOFNN,
and SAFIS, the main features of SELM are as follows:

e SELM is an error-reducing driven method. That is, the
structure of a fuzzy system evolves along with the aim
of reducing the errors until the model error is within an
accepted threshold. In other words, the method is
focusing directly the goal of learning — to represent a
given system with a desired accuracy. This leads to the
mechanism of SELM in structure identification, that is,
SELM automatically determines the number and
location of fuzzy terms needed by following the
error-reducing driven evolving process to achieve the
desired accuracy.

e SELM is a greedy incremental process with the goal to
achieve the most effective error-reducing. For this
purpose, fuzzy terms and rules are added at point within
selected region which evenly divides its local error
along the input variable to get the best accuracy in one
step. This step-by-step adding can be regarded as
‘greedy construction’ strategy. As all ‘greedy’ methods,
SELM makes the locally optimum choice at each step of
incremental construction with the hope of finding the
global optimum [18]-[19].

e SELM uses triangular membership functions with
regular partitions and Mamdani fuzzy systems in order
to achieve the transparency and interpretability of the
resulting fuzzy systems.
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This paper is organized as follows: Section II presents
Structure Evolved Learning Method (SELM) for Fuzzy
Systems. Section III presents the proposed SELM algorithm
for Mamdani fuzzy system. Section IV gives two examples to
illustrate the advantages of the proposed algorithm. Finally
Section V summarizes the main conclusion.

II. STRUCTURE EVOLVED LEARNING METHOD FOR Fuzzy
SYSTEMS

A. Structure evolution

In this section, we introduce the proposed scheme for
evolved structure learning for fuzzy systems. We are using
triangular membership functions with regular partitions and
Mamdani fuzzy systems to achieve the better transparency
and interpretability.

Initially we consider the problem definition domain as a
whole region. We then split this whole region into two
sub-regions to obtain even error distribution between these
two sub-regions. Then we select one sub-region with
maximal average error for further splitting. This splitting
process continues until we obtain the satisfactory accuracy. In
this incremental construction process, a sub-region having the
maximal average local error is always selected for further
splitting.

For the selected sub-region, we locate a proper data
instance candidate along each attribute (the ith attribute, i.e.
the input variable x;) which evenly split the accumulated

error for the selected sub-region. Then one attribute x ¥/
is selected for splitting if the best global accuracy is obtained

comparing with splitting on other attributes.

The splitting point x*”“"8 s identified as a new partition
point on that input variable. The main idea behind this can be
explained as follows: We partition the input variables
unevenly step by step. The aim of this uneven partition is to
distribute error more evenly to each sub-region in next step.
This even error distribution policy helps to create the most
efficient new fuzzy terms and rules.

We can visualize this uneven splitting process by Fig.1. Fig.

1 (a) shows the definition domain and Fig. 1 (b) shows the
case to construct a fuzzy system with a global even grid-based
partition. This even grid-based partition is predefined. Fig. 1
(c) and Fig. 1 (d) show the incremental splitting for SELM. If
in Fig. 1 (c) the average error in Sub-region 1 is larger than
that in Sub-region 2, then Sub-region 1 is selected for further
splitting. It is spitted into Sub-region 1’ and Sub-region 3 in
Fig. 1 (d). Comparison with global even grid-based partition,
we see that the proposed incremental construction scheme
avoids the exponentially increasing of fuzzy terms/rules
suffered by the global even grid-based partition as the number
of sub-regions increases by only one each time.

Remarkl: SELM is error-reducing driven and aims at
reducing the errors by adding rules step by step. As other
methods for system identification, SELM needs to balance

accuracy and system complexity. Too few rules result in
under fitting and inaccurate results whilst too many rules
result in complicated system structure and over fitting
(especially in presence of noise). To avoid over fitting, we
need to set a proper expected accuracy as a stop critical for
system splitting. A proper splitting should result in a system
with similar training accuracy and testing accuracy.

X2
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S
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Fig.1. Sub-region creation for traditional fuzzy system and SELM

B. Formulations

In this section, to explain the formula for SELM, we
consider a problem with n input variables.

As described in Sub-section II.A, SELM starts with one
whole region. The definition domain for an n-dimensional

problem is [x[bi,cl-]j , where b; and ¢; are the minimal and
=l

maximal value for the ith attribute. Then the initial Mamdani
fuzzy system has the rule base as follows:

. k . k . k
IF x1 is A3, and x, is A5, and x, is Ay s

hikekn (1)
where k; isOor 1. If k;, =0, thenAllf; :A&. =b;if k; =1,

THEN y is

ke .k

then Alk L= Allgi =c;. y " is parameters to be identified.

The fuzzy system starts from the simplest rule base (1), and
continues with sub-region splitting process on the selected
domain. In the following discussion, m is used to indicate the
index of the selected sub-region for further splitting. The
sub-region having the maximal average local error is always
selected for further splitting.

Assume that input vector x belongs to the mth sub-region,

n

ie, X=(X,X),....X,) € .xl[bm,,-,cm’[] , where b,; and c,,;
=

are the minimal and maximal value for the ith attribute x; for

the mth sub-region. Then the fuzzy rule base for the mth
sub-region is:
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IF x; is Ay, and x,is A7, ... and x,is Ay, , THEN y is
kky ..k,

Y @)

where k; is 0 or 1. If k; =0, then A,/;',l. = Ar(r)z,i =b,,;; if

k=1, thenA' = Ay,

The regular trlangular membership functions for that the
mth sub-region (in Equation (2)) are defined as follow.

The membership function for fuzzy term Am, (x;) (when
k;=0)is:
0 Cm,i —X;
M (X;) = ———. 3)
Cmi — bm,[
The membership function for fuzzy term A,ln,i (Xp)
(when k; =1)is:
() =0 @
x)=——"
Hj o,
Then the output for the mth sub-region is:
Z(Ar/;lk,“k” (X)xy, kiky..k, )
kiky ..k, edomaij
O = 2 Tk, K, - - (5)
ZAm ) (X) |xedomainm
kiky -,
where
Z Arllekz (X) |xedoma1nm 1 (6)
kiky .k,
Al ()= x{ult ). ™
Based on (6), Equation (5) can be written as:
kyky .k, kiky ..k,
Om = zAml ’ (X) X ym l xedomain,, (8)

kyky ok

Through the definition of regular triangle membership
function (3), (4) and (7), an input is uniquely located in one
sub-region and activates only the membership functions at the
edge of that sub- region. That is, the overall fuzzy system

o(X)=o0,(X) X € domian , 9

We can see from (8) the model output of an input vector x
within the mth sub-region o,, is determined by both the

kiksy .k,

consequent parameters V" and the membership

functions A,’;‘kz b (x) of the mth sub-region in which they are

located.

C. Fuzzy term/rule creation and membership function
updating

In each sub-region splitting step, one new fuzzy term

(membership function) on the selected splitting attribute is
created and the two membership functions on the selected
splitting attribute on the edge of the old selected sub-region
are updated. We now explain how to create new fuzzy terms
and rules and how to update related membership functions.

For a selected sub-region (with index of m), we assume s is
the index for the selected attribute for splitting. This attribute
selection criterion is described in subsection II.A.

If we represent the splitting point by x /"¢ | then one new

splitting

fuzzy term x; is added and its associated membership

function is created as follows:

Xs — b lf x, € [b spltttmg )
splitting ’ m,s>Xs
/Jsplzttmg( )_ Xi . . m,s
m,s s lf X e [ splitting c )
splitting ° s > m,s
Cmys —Xi
(10)

After creating a new membership function, the two
membership functions on selected splitting attribute x, on
the edge of the (old) selected (the mth) sub-region
(represented by Equation (3) and (4)) are updated by (11) and
(12).

splitting
X — X
f s (x,) = W' (11)
m,s
splitting
1 o Xy T Xy
R T (12)
ms ~ Xs

Along with the creation of one fuzzy term (membership
function) , 2"
IF x;is 4 &y

m,1>

THEN Y is”. y

new fuzzy rules are created as:

. splitting
, and x;is x; Y ey

(13)

and x,is Amz,

1 kyookg_ ko .k
and X, 18 A n 1K1Ky Ky

m,n >
where k; isOorland i#s.

We now visualize this new fuzzy term (membership
function)/rule creation process and the membership function
updating process by a two-dimensional example in Fig.2: The
white points are fuzzy rules; the black points are data points

for splitting. b,,; and c,; are the minimal and maximal

value for the ith attribute for the mth sub-region. In Fig. 2 (a),
assuming sub-region, is the selected sub-region with maximal

average local error, x7""""% is the selected point for splitting,

where x *Pliing — (x,” litting X3 liting ) is a data instance in the
dataset. Sub-region, is then split into Sub-region’, and
Sub-region; by xP""¢  Two new fuzzy rules are created at
follows as shown in Fig. 2 (b).

IF x, is xlsplitting , X218 by, THEN'Y is y,?plitt[ng (14)

(15

The membership functions for Sub-region, are as shown as

: splitting : 1 1
IF X118 Xy , X218 C2,2 > THEN'Y is ysplilting
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in Fig. 2 (c) (before splitting) and Fig. 2 (d) (after splitting).
In fig. 2 (d), the middle triangle is the membership function
for the new created fuzzy term. The two half triangles on the
edges are membership functions after updating.

new created rules

\Eub—regionl

Sub-rpgion;

"
2} /bia

Sub-region’,

! crifeay

by1/bay

bl,l/bz.] c"l/cz'l

new created rules

(2) (
<] =X
b b

b)
L1
(c) (d
Fig.2. Creation of new fuzzy rules, new membership functions, and updating
of existing fuzzy rules and membership functions.

D. Parameter initialization and optimization for new
created fuzzy rules

The initial values of newly created parameters
yhikekibsa-knare set as follows.
n . I i
Ky oy gk I3 Kk ki
Yy ' - lli[l/'lm,i(xi) Xym (16)
ey ke, N

where X; = bm’i,when k;=0; x, =c, ;,when k; =1, and

_ .splitting
Xg =Xj .

From equation (1) and (2), we have: y,];{,-(x,-) =0, when

' . k[: _ 7'
ki 2k Ly (x)=1 ", when k. =k,
If bsplitting < x;plitt[ng < C;plltting , when
__ ,-splitting
. k; _ Cm,.&' K . ' .
1=s /’lm,s(xs)_ if ks:ksz() >
mys  Zms
splitting
kf _ s m,s . A
/’lmis (xs) - b if ks - ks =1.
m,s — Cm,s
Based on (16), this implies
__ -splitting
kg ko, | Cms T Xs o« ik
- . b ym ky=0
cm,s m,s
, an
it
s _p
K m,s x kyky ..k,
+ b ym ky=
cm,s Y,

10

By doing this, we obtain a good starting point for the
following training.

III. ALGORITHM

We now generalize the algorithm for SELM.
1. The fuzzy system starts from one (sub-) region, the

definition domain [‘x][bl.,ci]J. The fuzzy terms and
rule base are initialized by the minimal value b; and
maximal value ¢; (i = 1...n) for each attribute. The
detailed formulas for these initial fuzzy rules are

described as (1)

Compute the average local error, frerage

error; for

each sub-region j and select one sub-region: the mth
sub-region with maximal average local error:

M average
)

m =argmin(error; , where M is the total
J=1 ’

number of current sub-regions, and error/""*¢

defined as:

is

average _ 1
error; —
N .

J
J

X

S* -y,

k .
x"eSub—region,

(18)

assuming that N; data instances locate in the jth
sub-region, o and )* are the model output and actual
output of x*.

Within the selected (the mth) sub-region, along each
attribute i (i = 1...n) we find a data instance with

xPHing \which evenly separates the accumulated

error for Sub-region m. Try to split Sub-region m into

splitting
i

two sub-regions at each x along the ith

attribute (i = 1...n). The attribute x”"¢ with index

splitting
s

global

s is selected if splitting sub-region m at x

results in the best

lobal
70

n
accuracy: s =argmin(error; where
i=1

global

error; is the global error after splitting

Sub-region m at x P8

Split Sub-region m into two sub-regions and increase
the total number of sub-regions by one: M =M + 1.
Based on the splitting in Step 4, create new fuzzy
terms according to Equation (10), update the existing
fuzzy terms according to Equation (11) and (12) and
create new fuzzy rules are as (13). The values for
parameters in the new created fuzzy rules are
initialized using Equation (17).

Re-training parameters for global optimization after
splitting.

If M is larger than the maximal limit of sub-regions or
the global accuracy is better than the requirement,
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then stop. Else continue the evloving process with

Step 2.
Remark2: By using the above process to create new fuzzy
terms and rules, the maximal number of fuzzy rules is

2" + (MaxReg—1)x 2" = (MaxReg+1)x2"" | and the
maximal total number of fuzzy terms is 2" + (MaxReg —1),

where MaxReg is the maximal number of sub-regions and n
is the input dimension. With such a maximal allowed number
of sub-regions MaxReg, the overall complexity of the final
fuzzy model and the number of fuzzy terms allowed are
controlled.

IV. SIMULATION

In this section, two benchmark system identification
examples are given to illustrate the advantages of the
proposed algorithm.

Simulation 1: Consider the following widely used
two-dimensional non-linear function approximation problem
[1], [26]-[28];

y=fx,x)=0+x7+x,)  x €[15], x, €[1,5].

In this simulation, 50 training samples are randomly
generated on the definition domain for both training and test.
The performance comparison by different methods in MSE is
reported in Table 1. The number of parameters in the third
column is the number of parameters used in the consequent
part. We can see from Table 1 that SELM obtains better
accuracy than other training algorithms when using the same
number of parameters.

TABLE 1. PERFORMANCE COMPARISON IN MSE WITH OTHER ALGORITHMS
FOR SIMULATION 1

Method Number Number of MSE

of rules parameters

Sugeno and Yasukawa [28] 6 22 0.0790

Emami and Turksen [1] 8 24 0.0040

Tsekouras [27] 8 24 0.0042

Kim et all [26] 3 9 0.0550
8 8 0.0410

SELM 10 10 0.0018
12 12 0.0012
14 14 0.0009

Simulation 2: In this simulation, we consider the
non-linear dynamic system identification problem used by
SAFIS [15], MRAN [27], RANEKF [28], Simp_eTS [11],
eTS [10] and HA[29] as follows:

)= YO x y(t = Dx[y(0)=0.5]
L+ y(t)* + y(t - 1)°

where u(t) = sin[é—?j , ¥(0)=0,and y(1)=0.

5000 data were created for training, and 300 data were
created for testing. The performance comparison of the
proposed ICLA with SAFIS, MRAN, RANEKF, Simp_eTS,
eTS and HA in RMSE is shown in Table 2. From Table 2, we
see that the proposed SELM uses fewer fuzzy rules but

y(t+1 u(t)

11

achieves better accuracy than all the other methods. In
additions, SELM products a more transparent fuzzy system
due to using regular triangular membership functions.

TABLE 2 PERFORMANCE COMPARISON IN RSME WITH OTHER ALGORITHMS
FOR SIMULATION 1

Method Number of RMSE for RMSE for
rules/neurons | training testing
SAFIS [17] 17 0.0539 0.0221
MRAN [29] 22 0.0371 0.0271
RANEKEF [30] 35 0.0273 0.0297
Simp_eTS [11] | 22 0.0528 0.0225
eTS [10] 49 0.0292 0.0212
HA [31] 28 0.0182 0.0244
SELM 8 0.0318 0.0317
SELM 12 0.0039 0.0038
SELM 16 0.0013 6.7663E-4
SELM 20 0.0010 7.79243E-4

V. CONCLUSIONS

This paper proposes a Structure Evolved Learning Method
(SELM) for the identification of Fuzzy Systems. Comparing
with traditional learning methods of fuzzy systems, the
motivation of SELM is to overcome the following main
weaknesses:

e  The even global grid-based partitions of fuzzy terms
leads to the ineffectiveness in the sense that the rules
and parameters increases exponentially with the
number of input variables;

The fixed definition of global grid-based partitions
leads to the resulting fuzzy systems unintelligent and
inflexible.
There are two key ideas behind the proposed SELM:
The first is that the fuzzy partition of input spaces should
follow the different smoothness of the approximated
nonlinear function in the different regions. The more
sparse (or coarse) partitions for the regions where the
approximated function is smoother and the denser (or
finer) partitions for the regions where the approximated
function is less smooth.
The second is that the incremental and evolving learning
process is to follow the fastest routine to achieve the
approximation error reduction.

SELM starts with the simplest fuzzy system, and develops
its structure by adding fuzzy terms and rules based on the
appropriately selected sub-region, input variable and point
for splitting. SELM increases the number of sub-regions and
fuzzy rules along the direction of the fastest approximation
error reduction until it meets some pre-defined accuracy
requirement. It can be proved that, by adding new fuzzy rules,
the new fuzzy system can always achieve better accuracy than
the old one. The reason is that we make use of a ‘greedy’
approach to find the sub-region, the splitting point and the
attribute to create new fuzzy rules to obtain the least error in
the next step by sub-region splitting. To verify the
effectiveness and efficiency of SELM, two benchmark
simulation examples have been carried out and compared
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with the various evolving learning methods such as eTS,
DENFIS, and SAFIS. These simulation results show that
SELM often obtains better accuracy by using the same or less
number of fuzzy rules.
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